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Abstract.  Spatial and temporal limitations of atomic scale simulations necessitate the development of multi scale methodologies linking atomic and continuum scales. In this paper, we present formulations to evaluate continuum quantities of stress, strain and local elastic moduli of grain boundaries in a molecular dynamics setting.  Energetics and deformation of symmetric tilt grain boundaries of Aluminum are studied using the stress – strain measures. The atomistic simulation studies of grain boundary sliding show a clear dependence of magnitude of sliding on grain boundary energy. Asymptotic expansion homogenization (AEH) is a mathematically rigorous approach for homogenization of periodic structures, which has been used extensively in composites and porous media. We propose a methodology and demonstrate the applicability of AEH to link atomic scale effects in much larger scale systems.

Introduction

Following the famous prediction of Richard Feynman’s 1959, that there is a lot of room down below, researchers have attempted to examine materials and devices at the smallest possible scale. The recent discovery of carbon nanotubes by Iijima [1] in 1991 with combined mechanical, electrical and magnetic properties that far exceed any material man-made or otherwise, enormous research efforts have been focused on nano-scale materials and structures under the general umbrella of nanotechnology. To the superplasticity community going down the length scale is nothing new, as both high strain-rate superplasticity and low temperature superplasticity are exhibited if only the grain size can be made as small as possible and maintained equiaxed and stable. Though the term nano-crystal literally refers to the average grain size being on the order of nanometers (
[image: image81.wmf]m), the stricter definition connotes that these length scales imply the existence new science and phenomenon not prevalent at larger scales. Literature is abundant with work that claim to be in the general area of nanocrystals, by loosely defining the grain size to include hundreds of nano-meter which then creeps into the sub-micron grain size regime, already familiar to superplasticity researchers. Thus, while miniaturization to a nanometer length scale does not tantamount to nano-science, identification of new physics does; though this view is oftentimes overlooked. The search for the new-science should be the overriding factor in studying this class of materials. Though we do not claim any new science in this paper, herein we propose computational quantities and methods that may prove useful in the process.

It is well established that grain boundary sliding is the primary deformation mechanism in superplasticity. This is the driving factor to decrease the grain size and seek methods to pin the grain boundaries. With decreasing grain size the volume fraction of grain boundaries increases in the second order and the effect of grain boundaries become more pronounced. Further, the threshold stress for sliding becomes a dominant factor requiring a good understanding of the elastic behavior of grain boundaries. In addition, the contribution of intergranular plastic strain to over all strain would depend upon the elastic response of grain boundaries.

In this work, we attempt to understand the role of grain boundaries in nanocrystalline materials by eliciting the mechanical properties of grain boundary as an independent entity. We extend the continuum concepts of stresses and strains to the atomic levels, and formulate methods to evaluate these measures within the framework molecular statics and dynamics. Using these measures, we evaluate the stress-strain elastic response of grain boundary for different symmetric tilt grain boundaries. We also simulate grain boundary sliding on selected bi-crystals. Then we suggest a method of incorporating the evaluated elastic properties of grain boundaries in a large- scale structures by using Asymptotic Expansion Homogenization methods.

Atomic level Stress and strain measures.


Stress is a measure defined to quantify the internal resistance of material to counter external disturbances. These external disturbances can be mechanical, thermal, electrical, magnetic or gravitational in nature. While mechanical loads appear as forces and moments at the surfaces of the body other loads are distributed throughout the volume as body forces.
When we define stress at a point, in the sense of continuum mechanics we implicitly assume that a homogenous state of stress exists within the appropriately chosen infinitesimal volume surrounding that point. As we apply this concept to discrete lattice mechanics, we need to identify a volume around a given point over which the stress becomes homogeneous. Such a selection of appropriate volume clearly depends on the degree of stress heterogeneity existing in the material in question. It should be noted that the heterogeneity in the stress state could be caused either due to the heterogeneity in the material (e.g. defects such as inclusions, grain boundaries) or due to inhomogeneous loading conditions (e.g. bending). 

In this context, there have been various formulations of stress in molecular dynamics such as virial stress [2], BDT or atomic stress [3], Lutsko stress [4,5], mechanical stress by Yip and Cheung [6]. The most commonly used stress measure at atomic scale is virial stress 
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Here i and j denote the indices in Cartesian coordinate system 1, 2 and 3, while 
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and 
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  are the atomic indices. The summation is over all the atoms occupying total volume 
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denote the mass and velocity of atom 
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 is the distance between atoms 
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Above definition of bulk stress has been extended to one atomic volume by Basinski, Deusberry and Taylor to define atomic stress (also called BDT stress). This is based on the assumption bulk stress measure would be valid for a small volume 
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 around an atom 
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. This definition of atomic stress 
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can be expressed as:
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Theoretically, the above definitions are valid only for homogenous systems, though BDT stress gives a fair indication of the nature of stresses in systems with defects and has been used to study point defects and grain boundaries in a number of metallic systems. Total volume and volume of single atom are required for the calculation of virial and BDT stresses. 

Other definitions of stress have been advanced by Lutsko [4], Cheung and Yip [6] to study inhomogeneous systems. According to Cheung and Yip's definition, mechanical stress is calculated as sum of time rate of change of momentum flux and forces divided by area across particular 

surface of interest. The concept of local stress advanced by Lutsko and extended by Cormier et.al [5].  is based on the local stress tensor of statistical mechanics. Further, this definition has been shown to conserve linear momentum. Lutsko stress 
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Here 
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 denotes the fraction of 
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bond lying inside the averaging volume 
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. The averaging volume can be a small part of the total volume containing any possible defect structures. Lutsko stress has been used to evaluate local elastic properties of grain boundaries in metals. Cormier and coworkers [5] have recently shown that this measure gives a better match for continuum solution of inclusion problem. In bulk materials the averaging volume (for Lutsko stress) is typically considered as a spherical volume, however the derivation of the stress tensor places no such restriction. 

    Homogeneity over entire volume is needed for virial stress, whereas Lutsko stress assumes that the stress state is homogenous in the averaging volume and BDT stress assumes homogeneity around one atom. We need to identify the largest volume of homogeneity and use the appropriate stress measure. In the converse, if inhomogeneity exists then the choice of the stress measure depends on the extent of spatial inhomogeneity. For example if we need to examine the overall effect of a defect, we need to use Lutsko stress, if we are further interested in the role of specific atom in the defected region, than we need to use BDT stress to capture the physics of the problem.

    Strains are calculated as derivative of displacement field, heavily borrowing from the concepts of finite elements. The displacement field is expressed in terms of known atomic displacements and interpolation functions. The atomic structure of face centered cubic metal such as Aluminum can be considered as a mesh of tetragonal elements, with every atom as a node. The mesh is regular in the bulk where as the regularity is disturbed near defects such as grain boundaries.   Based on the displacements of the atoms strains can be evaluated in these tetrahedral elements. Strain at each atom can further be evaluated as volume average of all the tetragons in its immediate vicinity. This method of strain evaluation is accurate for small strains and enables evaluation of strains at individual atomic locations and in a specific region of interest (For e.g. grain boundary). It may be noted that the methodologies described above for stress and strain calculations are fairly general and have been applied in other systems such as carbon nanotubes [7,8].   

Atomic Simulation of Grain Boundaries

 Energetics of grain boundaries: We use molecular dynamics and statics simulations to investigate the energetics and deformation behavior of various  [110] symmetric tilt grain boundaries of aluminum.  Embedded atom method [9] (EAM) potentials implicitly include many body interactions and are more reliable than conventional pair potentials in representing the atomic interactions in metals. Ercolessi – Adams force matching potentials for aluminum are used in this work since they are known to predict accurate stacking fault energies and elastic constants [10].  For each of the boundaries studied, the computational crystal is generated based on the orientation of given grain and on the symmetry between that and the adjacent grain across the boundary plane. Fig.1 illustrates the designations of STGB used in this work.  Grain boundary energy is calculated as the difference between energy of all the atoms in the grain boundary region and a perfect crystal containing the same number of atoms, divided by the area of the grain boundary.

Seventeen tilt [110] CSL grain boundaries (3(1
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 1)  have been examined for grain boundary energy.  Grain boundary energy is calculated as the difference between energy of all the atoms in the grain boundary region and a perfect crystal containing the same number of atoms, divided by the area of the grain boundary. Fig 3 describes the grain boundary energies obtained as a function of 

misorientation angle for a series of [110] bicrystals. The shape of the curve and the energy cusps match well with those obtained in earlier studies but, the absolute values of energy in Fig 3 are slightly higher than those obtained in earlier studies using pair potentials and conventional EAM potential [11]. This tendency could possibly be ascribed to the fact that the E-A force matching potential predicts higher (more accurate) stacking fault energy compared to the earlier potentials

Elastic deformation: We use the stress and strain measures to evaluate the elastic response of these bicrystals.  The objective is to obtain the deformation behavior of grain boundaries perse. The grain boundaries here are considered to be infinitely thin sheet of material between the crystals with marginally different elastic properties and stress strain response from bulk crystals. Properties so obtained enable us to model grain boundaries in a continuum setting using asymptotic homogenization techniques.  Lutsko stress is used to characterize the local stress at the grain boundary and the local strain is obtained using finite element based approach described in the previous section.  Loading is applied in the direction of grain boundary plane.  Fig 3 (a) shows the local strain response in various regions of bicrystal with (9(2
[image: image42.wmf]2

1) grain boundary for different applied strains. The various regions used for stress and strain clculations are shown in Fig 3(b).  A strain concentration in the region of grain boundary can be clearly noticed.  The grain boundary expreinces strains of about 20% more than bulk crystal for the same level of applied farfield displacement.  This is expected as the grain boundary is high energy region as compared to bulk.  Fig  4 shows the variation of lutsko stress along various regions of grain boundary. Again it can be observed that there is a stress intensification at the grain boundary.  This stress intensification is present even in unstrained bicrystal. This is akin to residual stresses due to the presence of grain boundary. Using the stress and strain quantities described above we can obtain the local elastic constants of grain boundary as 
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The longitudional stress strain curve of the bulk crystal and the grain boundary is shown in Fig 5. There is a drop in the elastic properties of grain boundaries as compared to bulk crystal.
Grain boundary sliding: We now proceed to examine grain boundary sliding using molecular dynamics. Most of the experiments on bicrystal sliding [12,13] are performed with grain boundary oriented at 45 degrees to the tensile (or compressive) axis.  To simulate these conditions grain boundaries for dynamics simulations are also formed with similar boundary conditions.   Both shape and volume of the simulation cell are allowed to change. A state of shear stress is applied on the grain boundary. Stresses of about 10% of Voigt average shear modulus for this potential are employed in these studies. All the simulations were carried out at temperature of 448K for about 5 ps. Variation of grain boundary sliding with grain boundary energy is shown in Fig 4. Maximum sliding is observed in (17 (3 
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 4) and minimum in (3 (1
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1). There exists a correlation between grain boundary energy and sliding.  Grain boundary sliding is more in the boundary, which has higher grain boundary energy.  Monzen et al [13] have observed a similar variation of grain boundary energy and tendency to slide by measuring nanometer scale sliding in copper.  They report that there is no significant dislocation activity. To study the directional dependence of sliding state of shear stress was applied in the opposite direction for (3(1 
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 1), (9(2 
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 1) and (17 (3 
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 4) grain boundaries. There was a decrease in the extent of sliding in the case of (9(2
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1) and (17(3
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4) boundaries but no noticeable difference in (3(1
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1) grain boundary.  (9(2
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1) and (17(3
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4) boundaries slide by 3.46 Å and 4.11 Å in contrast to 3.50 Å and 4.23 Å in the other direction.  It is interesting to note that directional dependence of crack propagation was observed experimentally in (9(2
[image: image54.wmf]2

1) bicrystals of copper [14].
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There are two mechanisms, which explain grain boundary sliding at atomic scale. One of them attributes sliding in STGB to the glide of interfacial dislocations and migration to the climb [12]. Kurtz et al [15] have noted through molecular dynamics simulations on Al crystals that sliding is much easier in presence of interfacial dislocations.  The second mechanism is based on geometrical analysis given by Ashby [16] in which atomic scale sliding is controlled by boundary diffusion. In the present simulation, grain boundary sliding is manifested as relative displacement of atoms across the grain boundaries; the top crystal displaces more compared to the bottom while same state of stress is applied equally to the top and bottom crystals. During the process of sliding, no dislocations are observed and this is similar to Cu bicrystal experiments by Monzen [13]. Our observation indicates that the natural tendency of the grain boundary to slide depends on the disorder of the grain boundary as represented by the grain boundary energy. A higher energy grain boundary like (17(3 
[image: image55.wmf]3

 4) that has more disordered structure; hence, there is a higher stress concentration and consequently higher tendency to slide than low energy boundaries such as (3 (1 
[image: image56.wmf]1

1).

Multi Scale Modeling Using Asymptotic Expansion Homogenization (AEH)
The above section clearly demonstrates that atomic simulation can be used to understand various aspects of grain boundaries such as elastic properties, energy and sliding characteristics. A natural desire is to use this information in predicting the behavior of real material systems with hundreds of grains, grain orientations and grain boundary characteristics and triple points. Such a system cannot be simulated by MD/MS alone. Many of the existing multiscale methods use the idea that intense atomic calculations are required only at the core of defect while atoms away from the core can be modeled using continuum approach. There is a need for a multiscale simulation method that would take into consideration atomic effects throughout the system which could be then used as a design and modeling tool for nano and micro scale systems and structures. 

There is another set of multi scale problems relevant to heterogeneous materials such as composites and porous materials Asymptotic expansion homogenization is a mathematically rigorous method, which has been successfully employed to solve linear elastic [17] as well as nonlinear (plastic and viscous) [18,19] problems in composite materials with periodic microstructures.  AEH decouples the problem into microscale and macroscale problems by employing asymptotic expansion of specific field variables such as displacement (see Fig.7). Despite the fact that there has been extensive research in homogenization techniques, no attempt has been made to apply AEH to atomic scale. Most engineering applications of AEH have focused on linking disparate scales both of which are based on continuum theory.  Here we discuss the methodology to link atomic and continuum scales using AEH for a linear elastic problem. It should however be noted that viscous and plastic formulations for AEH are well developed and the same general approach discussed here may be adopted for those situations.

The material under question consists of two natural scales, a micro Y scale, which is atomically informed continuum and a macro X scale described by continuum constitutive relations.  The two scales are linked through a scaling parameter (.  The properties of grain boundaries obtained from atomistic simulations are incorporated in the Y scale. This multi-scale approach enables the solution of a homogenized macro scale problem using atomic scale information.  For example the Y scale used as an example is shown in Fig 8. A polycrystal with seven grains is used, the thickness of the grain boundaries is considered to be 2 A.  

Consider a typical boundary value problem for a heterogeneous material defined over the domain ( with specific displacement and force boundary conditions, 
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The basis of AEH is that the primary dependant variable can be treated as a combination of smooth global solution of a homogenous problem and a rapidly oscillating local solution of a heterogeneous problem. Based on this approximation, the primary variable is expanded as an asymptotic expansion of scaling parameter ( as shown below,
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The functions u(i) (x,y) are Y periodic in variable y. This means that we are assuming the existence of functions u(i)  independent of the scaling parameter (.  Using this expansion in the equilibrium Eqn above we can obtain hierarchical Eqns describing the relevant micro and macroscopic scales.
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Eqns (7) and (8) represent micro or the Y scale and Eqn (9) represents macro X scale equilibrium. Because of the Y periodicity of u(0) , from Eqn (7) it can be observed that u(0) is a constant in y. For the case of linear elasticity, we can use superposition and introduce an elastic corrector function ( as shown below.
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with the help of this substitution Eqn (8) now reduces to
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This can be solved in variational form as 
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It may be observed that ( here is not a vector but a series of vectors.  It denotes the corrector term in macro scale due to microscale perturbations.  

The above Eqn can be solved using finite element method, the material properties for this Eqn obtained using atomic simulations.  An alternative approach to solve the micro scale Eqn is by assuming that micro scale is composed of atoms and using the Hessian 
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, W is the interatomic potential and q atomic displacement as the atomic level stiffness matrix. Now consider the macro scale Eqn (9).  If we apply the mean operator on this Eqn, by virtue of Y-periodicity of u(2) Eqn (9) reduces to
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CH is the homogenized elasticity matrix for the overall region given by  
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Here (.( is the fourth order identity tensor.  Eqn (13) can be solved by finite element method using appropriate boundary conditions and would give solution u(0) corrected for the atomic Y scale.  For the configuration of Y scale shown in the Fig 8 we have used grain boundary elastic modulus of 63 GPa obtained for (9 (2 2 1) boundary using atomic simulations. We obtain a homogenized modulus of 71 Gpa.  This result is relatively insignificant but it demonstrates the applicability of AEH as a tool for multi-scale simulation.   
Summary

We have presented formulations to calculate stress and strain measures at atomic scale in a molecular dynamics setting.  These are used to evaluate local elastic properties of grain boundaries. Atomic simulation of grain boundary sliding indicates that extent of sliding and grain boundary energy are related in symmetric tilt grain boundaries. A method has been demonstrated to link atomic and continuum scales to solve a global problem. The proposed method extends the application of AEH to atomic scale. This enables solution of atomically informed macroscopic problem using finite element methods.
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Fig1 Schematic of STGB.  70.50 [110](3(111)





Fig.5  Stress – strain response of the grain boundary and bulk material





Fig.2  Grain Boundary Energy EGB  as a function of misorientation angle
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Fig.6 Extent of sliding and Grain boundary energy  Vs misorientation angle 





Fig.3(a) Strain profiles in bicrystal with (9(2 2 1) STGB (b) Schematic of the grain boundary. Regions for stress and strain evaluation are between dotted lines.





Fig.4 Stress profiles in bicrystal with (9 (2 2 1) STGB





Fig. 7 Illustration of  Asymptotic Expansion Homogenization





Fig. 8 Schematic of Y scale used
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