SOLUTION MANUAL
Analysis in Mechanical Engineering

Leon van Dommelen

February 13, 2015



Copyright and Disclaimer

Copyright (©) Leon van Dommelen. You are allowed to copy or print out this work for your
personal use. You are allowed to attach additional notes, corrections, and additions, as long
as they are clearly identified as not being part of the original document nor written by its
author.

As far as search engines are concerned, conversions to html of the pdf version of this document
are stupid, since there is a much better native html version already available. So try not to
do it.



Contents

1 Graphs
1.1  Introduction . . ... ... .. ...
1.2 Example .. ... .. ........
1.2.1  Using reasoning . . . . . . .
1.2.2  Using brute force . . .. ..
1.3 Example . ... ... ........
1.3.1  Solution . ... ... .. ..

2 Optimization

2.1  Introduction . ... ... ......
2.2 Example . ... ... ........
2.2.1 Definition . . . ... . ...
2.2.2 Reduction . ... ... ...
2.2.3  Further reduction . . . . ..
2.2.4  Finding the length . . . . . .
2.2.5 Finding the optimum angle .
2.2.6  Finding the optimum length
2.3 General Approach . . ... ... ..
2.3.1 Formulation . . .. .. ...
2.3.2  Interior minima . . . . . ..
2.3.3 Boundary minima . . . . . .

3 Approximations

3.1 Introduction . . ... ... ... ..
3.2 Example . ... ...........
3.2.1 Identification. . . . . . . ..
3.22 Results . . ... .......
3.2.3 Otherway .. ........
3.3 Example . ... ...........
3.3.1 Identification . . . . . . . ..
332 Finish .. ..........
4 Limits
4.1  Introduction . .. ... .......
4.2 Example . ... ... ... .....

il

R R R R R R W W W W W N = = = = = e

S O O O Ot ot ot gt Ot

ENEENEEN|



4.2.1  Observations . . . . . . . . .o,

4.2.2 L’Hopital . . . . . . . . ...
4.2.3 Better . . . . . . . e
4.3  Example . . . . ..
4.3.1 Grindingitout . .. . . ... ...
4.3.2 Usinginsight . . . . . . . . ... o
5 Combined Changes in Variables
5.1 Introduction . . . . . . . . ...
5.2  Example . . ...
5.2.1 Identification . . . . . . . . . . .
5.2.2 Results . . . . . . .
5.3  Example . . . ...
5.3.1  Solution . . . . . . .

Curvilinear Motion

6.1 Introduction . . . . . . . . .
6.2 Example . . . . . . .
6.2.1 Position . . . . . . ..
6.2.2  Velocity . . . . . . .
6.2.3  Acceleration . . . . . .. ...

Line Integrals

7.1 Introduction . . . . . . . . . . . e e
7.2  Example . . . ...
7.2.1 Identification . . . . . . . . . . . ..
7.2.2  Solution . . . . . . ...

Surface and Volume Integrals

8.1 Introduction . . . . . . . . . .

8.2 Example . . . . . . .
8.2.1 Region . . . . . . . .
8.2.2 Approach. . . . . . ...
823 Results . . . . . .

8.3 Example . . . . .. .
83.1 Approach. . . . . . . .. ...
83.2 Results . . . . . . .

Numerical Integration

9.1 Introduction . . . . . . . . . .

9.2 Example . . . . .. e
9.2.1 Solution . . . . . . .

10 Geometry using vectors
10.1 Introduction . . . . . . . . . . ..
10.2 Example . . . . . .

v

12
12
12
12
12

13
13
13
13
13
13
14
14
14

15
15
15
15



10.2.1 Identification . . . . . . . . . . . . ..
10.2.2 Solution . . . . . . . ..
10.3 Example . . . . . .
10.3.1 Identification . . . . . . . . . . ...
10.3.2 Solution . . . . . . ..

11 Vector Analysis

11.1 Coordinate Changes . . . . . . . . . . . . .. . ..
11.1.1 General . . . . . . . oL
11.1.2 Orthogonal coordinates . . . . . . . . . ... ... ... ... ....

12 Gaussian Elimination

12.1 Elimination Procedure . . . . . . . . . . . . . . ... . .
12.2 Partial Pivoting . . . . . . . . ...
12.3  Back substitution . . . . . . . . ...
12.4 LU Theorem . . . . . . . . . . .
12.5 Row Canonical Form . . . . . . . . . . . . . ...
12.6 Null Spaces and Solution Spaces . . . . . . . . ... ... ... ... ....

13 Inverse Matrices

13.1 Finding inverses using GE . . . . . . . ... ... L.
13.2  Finding inverses using minors . . . . . . . . . . . .. ...
13.3 Finding inverses using transposing . . . . . . . . .. .. ..o

14 Eigenvalues and Eigenvectors

14.1 Finding Eigenvalues . . . . . . . . . . ..o
14.2 Eigenvectors of nonsymmetric matrices . . . . . . ... ... 0L
14.3 Eigenvectors of symmetric matrices. . . . . . . ... ..o

15 Change of Basis

15.1 General Procedure . . . . . . . . ...
15.2 Diagonalization of nonsymmetric matrices . . . . . . . . ... ... ... ..
15.3 Diagonalization of symmetric matrices . . . . . . . . .. ...

16 Laplace Transformation

16.1 Partial Fractions . . . . . . . . .. ..o
16.2 Completing the square . . . . . . . . .. .. .. .o

17 More on Systems

17.1 Solution of systems using diagonalization . . . . ... ... ... ... ...
17.2  Solving Partial Differential Equations . . . . . . . ... ... .. ... ...
17.3 More details on the extension . . . . . . . . ... .. ... ... ... ..

18 Introduction

18.1 Basic Concepts . . . . . . . . . e
18.1.1 The prevalence of partial differential equations . . . . . . . . . . ..

18
18
18
18

19
19
19
19
19
20
20

21
21
21
21

22
22
22
22

23
23
23
23

24
24
24

25
25
25
25



18.1.2 Definitions . . . . . . . . 26

18.1.3 Typical boundary conditions . . . . . . . .. ... ... .. ..... 26

18.2 The Standard Examples . . . . . . . . . ... 26
18.2.1 The Laplace equation . . . . . . . .. ... ... ... ... ... 27
18.2.2 The heat equation . . . . . . . . ... ..o 37
18.2.3 The wave equation . . . . . . . . ... ... 38

18.3 Properly Posedness . . . . . . . . .. ... 45
18.3.1 The conditions for properly posedness . . . . . . . . ... ... ... 45
18.3.2 An improperly posed parabolic problem . . . . . . .. ... ... .. 47
18.3.3 An improperly posed elliptic problem . . . . . ... ... ... ... 47
18.3.4 Improperly posed hyperbolic problems . . . ... .. ... .. ... 52

18.4 Emergy methods . . . . . . . . ... 54
18.4.1 The Poisson equation . . . . . . . . . ... .. ... ... ... 54
18.4.2 The heat equation . . . . . . . . ... .. ... ... 55
18.4.3 The wave equation . . . . . . . . ... ... 55

18.5 Variational methods [None| . . . . . . ... .. ... L. 55
18.6 Classification . . . . . . . . . . . .. 55
18.6.1 Introduction . . . . . . . . . ... 56
18.6.2 Scalar second order equations . . . . .. .. ... ... ... ... 56

18.7 Changes of Coordinates . . . . . . . . . . . . ... ... 56
18.7.1 Introduction . . . . . . . . ... ... 56
18.7.2 The formulae for coordinate transformations . . . .. . .. .. ... a7
18.7.3 Rotation of coordinates . . . . . . . . . . ... ... ... ... ... 57
18.7.4 Explanation of the classification . . . . . . ... .. ... ... ... 58

18.8 Two-Dimensional Coordinate Transforms . . . . . .. ... ... ... ... 58
18.8.1 Characteristic Coordinates . . . . . . . . . ... ... ... ..... 58
18.8.2 Parabolic equations in two dimensions . . . . . . . . . ... ... .. 59
18.8.3 Elliptic equations in two dimensions . . . . . . . . . . . ... . ... 59

19 Green’s Functions 60
19.1 Introduction . . . . . . . ... 60
19.1.1 The one-dimensional Poisson equation . . . . . . . .. .. ... ... 60
19.1.2 More on delta and Green’s functions . . . . . . .. .. ... ... .. 62

19.2 The Poisson equation in infinite space . . . . . . . . .. .. ... ... .. 62
19.2.1 Overview . . . . . . . . e e 62
19.2.2 Loose derivation . . . . . . . . . ... ... 62
19.2.3 Rigorous derivation . . . . . . . ... ... 63

19.3 The Poisson or Laplace equation in a finite region . . . . .. ... ... .. 63
19.3.1 OVerview . . . . . . . . . 63
19.3.2 Intro to the solution procedure . . . . . . . . . ... .. ... .... 63
19.3.3 Derivation of the integral solution . . . . . ... ... ... ..... 63
19.3.4 Boundary integral (panel) methods . . . ... ... ... ... ... 64
19.3.5 Poisson’s integral formulae . . . . . .. ... 64
19.3.6 Derivation . . . . . . . . . ... 64
19.3.7 The integral formula for the Neumann problem . . . . . . . . . . .. 65

vi



19.3.8 Smoothness of the solution . . . . . . . . . . . . .. ... ... ...

20 First Order Equations

20.1
20.2
20.3
20.4
20.5

20.6
20.7

Classification and characteristics . . . . . . . . . .. . ... ... .. ....
Numerical solution . . . . . . . . . . . . .
Analytical solution . . . . . . . ...
Using the boundary or initial condition . . . . . ... .. ... ... ....
The inviscid Burgers’ equation . . . . . . . . . . . . . ... ... ... ...
20.5.1 Wave steepening . . . . . . . . ...
20.5.2 Shocks . . . . . . .
20.5.3 Conservation laws . . . . . . . . . .. ...
20.5.4 Shock relation . . . . . . . . ...
20.5.5 The entropy condition . . . . . . . ... ... ...
First order equations in more dimensions . . . . . . . . .. ... ... ...
Systems of First Order Equations (None) . . . .. ... ... ... .....

21 D’Alembert Solution of the Wave equation

21.1
21.2

Introduction . . . . . ..
Extension to finite regions . . . . . . . . .. ...
21.2.1 The physical problem . . . . . . . .. ... ... ... ...
21.2.2 The mathematical problem . . . . . . . . . . ... ... ... ....
21.2.3 Dealing with the boundary conditions . . . . . . . . ... ... ...
21.2.4 The final solution . . . . . . ... ... ...

22 Separation of Variables

22.1

22.2
22.3

224

A simple example . . .. ...
22.1.1 The physical problem . . . . . . . ... ... 0oL
22.1.2 The mathematical problem . . . . . . . .. .. ... ... ...
22.1.3 Outline of the procedure . . . . . . . . ... ... ... ... ...
22.1.4 Step 1: Find the eigenfunctions . . . . . . .. ... ... ... ...
22.1.5 Should we solve the other equation? . . . . . . . .. ... ... ...
22.1.6 Step 2: Solve the problem . . . . .. ... ... ... ... .....
Comparison with D’Alembert, . . . . . . . ... ... ...
Understanding the Procedure . . . . . . . . . ... ... ... ... .....
22.3.1 An ordinary differential equation as a model . . . . . . . ... ...
22.3.2 Vectors versus functions . . . . . .. ... ...
22.3.3 The inner product . . . . . . . . . . ...
22.3.4 Matrices versus operators . . . . . ... ...
22.3.5 Some limitations . . . . . . . ...
Handling Periodic Boundary Conditions . . . . . . . . ... .. ... .. ..
22.4.1 The physical problem . . . . . . .. ... ... ... ... ... ..
22.4.2 The mathematical problem . . . . . . ... ... ... ... .....
22.4.3 Outline of the procedure . . . . . . . .. ... ... ... .. .. ..
22.4.4 Step 1: Find the eigenfunctions . . . . . . .. ... ... ... ...
22.4.5 Step 2: Solve the problem . . . . .. ... .. ... ... .. .. ..

vil

67
67
67
67
67
68
68
68
68
68
68
68
69

70
70
70
70
70
71
71



22.4.6 Summary of the solution . . . . . .. ... ... 75

22.5 Finding the Green’s function . . . . . . . .. . ... ... ... .. .. ... 75
22.6 Inhomogeneous boundary conditions . . . . . . . .. ... ... ... 75
22.6.1 The physical problem . . . . . . ... ... ... 75
22.6.2 The mathematical problem . . . . . . .. ... ... ... ... ... 75
22.6.3 Outline of the procedure . . . . . . . . .. ... ... ... ... .. 75
22.6.4 Step 0: Fix the boundary conditions . . . . . . . .. ... ... ... 76
22.6.5 Step 1: Find the eigenfunctions . . . . . ... ... . ... ... .. 76
22.6.6 Step 2: Solve the problem . . . . ... ... ... ... ... .. .. 76
22.6.7 Summary of the solution . . . . . . ... ... ... L. 76

22.7 Finding the Green’s functions . . . . . . . . . . . . . ... ... ... ... 76
22.8 An alternate procedure . . . . . . ... 76
22.8.1 The physical problem . . . . . . ... ... 0oL 76
22.8.2 The mathematical problem . . . . . . ... ... ... .. 7
22.8.3 Step 0: Fix the boundary conditions . . . . . . ... ... ... ... 7
22.8.4 Step 1: Find the eigenfunctions . . . . . ... ... .. ... .. .. 7
22.8.5 Step 2: Solve the problem . . . . .. .. ... ... ... ... .. 7
22.8.6 Summary of the solution . . . . . . . ... ... ... ... .. 7

22.9 A Summary of Separation of Variables . . . . . . . ... ... ... .. ... 7
22.9.1 The form of the solution . . . . . .. ... .. ... ... ...... 7
22.9.2 Limitations of the method . . . . . . . . ... ... ... ...... 78
22.9.3 The procedure . . . . . . . . ... 78
22.9.4 More general eigenvalue problems . . . . . .. ... ... ... ... 78

22.10 More general eigenfunctions . . . . . . . ... ... oL 78
22.10.1 The physical problem . . . . . . . . . ... ... ... .. ... ... 78
22.10.2 The mathematical problem . . . . . . . . ... ... ... ... ... 78
22.10.3 Step 0: Fix the boundary conditions . . . . . . . . .. .. ... ... 78
22.10.4 Step 1: Find the eigenfunctions . . . . . . .. ... ... ... ... 79
22.10.5 Step 2: Solve the problem . . . . ... ... ... ... .. ... .. 79
22.10.6 Summary of the solution . . . . . . ... ... ... ... ... 79
22.10.7 An alternative procedure . . . . . . . ... ... 79

22.11 A Problem in Three Independent Variables . . . . . .. ... ... .. ... 79
22.11.1 The physical problem . . . . . . .. . .. ... ... ... ... 79
22.11.2 The mathematical problem . . . . . . . . ... ... ... ... ... 79
22.11.3 Step 1: Find the eigenfunctions . . . . . . .. ... ... ... ... 80
22.11.4 Step 2: Solve the problem . . . . .. .. ... ... ..., ..... 80
22.11.5 Summary of the solution . . . . . .. . ... ... 80

23 Fourier Transforms [None] 81
24 Laplace Transforms 82
24.1 Overview of the Procedure . . . . . . . ... . ... ... ... ....... 82
24.1.1 Typical procedure . . . . . . . . ... 82
24.1.2 About the coordinate to be transformed . . . . . . . .. . ... ... 82

24.2 A parabolic example . . . . . . .. .. 82



24.2.1 The physical problem . . . . . . . ... ... ... ... ... ... 82
24.2.2 The mathematical problem . . . . . . . . ... .. ... ... .... 83
24.2.3 Transform the problem . . . . . . .. ... ... ... ... . .... 83
24.2.4 Solve the transformed problem . . . . . . .. ... ... .. 83
24.2.5 Transform back . . . . . ... ... 83

24.3 A hyperbolic example . . . . . . . . ... 83
24.3.1 The physical problem . . . . . . .. ... ... ... ... ... 83
24.3.2 The mathematical problem . . . . . . . . ... .. ... .. ..... 83
24.3.3 Transform the problem . . . . . . . . . . ... ... ... ... ... 84
24.3.4 Solve the transformed problem . . . . . . . .. ... ... .. .. .. 84
24.3.5 Transform back . . . . . .. ... ... 84
24.3.6 An alternate procedure . . . . .. ... 84
Addenda 85
A.1 Distributions . . . . . ... 85
Derivations 86
B.1 Orthogonal coordinate derivatives . . . . . . . .. . . ... ... .. .... 86
B.2 Harmonic functions are analytic . . . . ... . ... ... ... ....... 86
B.3  Some properties of harmonic functions . . . . . . . .. ... ... .. 86
B.4 Coordinate transformation derivation . . . . . .. .. ... ... ... ... 86
B.5 2D coordinate transformation derivation . . . . . . . . ... ... ... 87
B.6 2D elliptical transformation . . . . . . . . .. ... ... ... ... 87
Notes 88
C.1  Why this book? . . . . . . ... 88
C.2 History and wish list . . . . . . .. . ... . . oo 88
Web Pages 89
References 91

1X



Chapter 1

Graphs

1.1 Introduction

1.2 Example

1.2.1 Using reasoning

1.2.2 Using brute force

1.3 Example



2 CHAPTER 1. GRAPHS

1.3.1 Solution



Chapter 2

Optimization

2.1 Introduction

2.2 Example

2.2.1 Definition

2.2.2 Reduction

2.2.3 Further reduction



4 CHAPTER 2. OPTIMIZATION

2.2.4 Finding the length

2.2.5 Finding the optimum angle

2.2.6 Finding the optimum length

2.3 General Approach

2.3.1 Formulation

2.3.2 Interior minima

2.3.3 Boundary minima



Chapter 3

Approximations

3.1 Introduction

3.2 Example

3.2.1 Identification

3.2.2 Results

3.2.3 Other way



6 CHAPTER 3. APPROXIMATIONS

3.3 Example

3.3.1 Identification

3.3.2 Finish



Chapter 4
Limits

4.1 Introduction

4.2 Example

4.2.1 Observations

4.2.2 L’Hopital

4.2.3 Better



8 CHAPTER 4. LIMITS

4.3 Example

4.3.1 Grinding it out

4.3.2 Using insight



Chapter 5

Combined Changes in Variables

5.1 Introduction

5.2 Example

5.2.1 Identification

5.2.2 Results

5.3 Example



10 CHAPTER 5. COMBINED CHANGES IN VARIABLES

5.3.1 Solution



Chapter 6

Curvilinear Motion

6.1 Introduction

6.2 Example

6.2.1 Position

6.2.2 Velocity

6.2.3 Acceleration

11



Chapter 7

Line Integrals

7.1 Introduction

7.2 Example

7.2.1 Identification

7.2.2 Solution

12



Chapter 8

Surface and Volume Integrals

8.1 Introduction

8.2 Example

8.2.1 Region

8.2.2 Approach

8.2.3 Results

13



14 CHAPTER 8. SURFACE AND VOLUME INTEGRALS

8.3 Example

8.3.1 Approach

8.3.2 Results



Chapter 9

Numerical Integration

9.1 Introduction

9.2 Example

9.2.1 Solution

15



Chapter 10

Geometry using vectors

10.1 Introduction

10.2 Example

10.2.1 Identification

10.2.2 Solution

10.3 Example

16



10.3. EXAMPLE

10.3.1 Identification

10.3.2 Solution

17



Chapter 11

Vector Analysis

11.1 Coordinate Changes

11.1.1 General

11.1.2 Orthogonal coordinates

18



Chapter 12

Gaussian Elimination

12.1 Elimination Procedure

12.2 Partial Pivoting

12.3 Back substitution

12.4 LU Theorem

19



20 CHAPTER 12. GAUSSIAN ELIMINATION

12.5 Row Canonical Form

12.6 Null Spaces and Solution Spaces



Chapter 13

Inverse Matrices

13.1 Finding inverses using GE

13.2 Finding inverses using minors

13.3 Finding inverses using transposing

21



Chapter 14

Eigenvalues and Eigenvectors

14.1 Finding Eigenvalues

14.2 Eigenvectors of nonsymmetric matrices

14.3 Eigenvectors of symmetric matrices

22



Chapter 15

Change of Basis

15.1 General Procedure

15.2 Diagonalization of nonsymmetric matrices

15.3 Diagonalization of symmetric matrices

23



Chapter 16

Laplace Transformation

16.1 Partial Fractions

16.2 Completing the square

24



Chapter 17

More on Systems

17.1 Solution of systems using diagonalization

17.2 Solving Partial Differential Equations

17.3 More details on the extension

25



Chapter 18

Introduction

18.1 Basic Concepts

18.1.1 The prevalence of partial differential equations

18.1.2 Definitions

18.1.3 Typical boundary conditions

18.2 The Standard Examples

26
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18.2.1 The Laplace equation

18.2.1.1 Solution stanexl-a

Question:

Derive the Laplace equation for steady heat conduction in a two-dimensional plate of constant
thickness 6. Do so by considering a little Cartesian rectangle of dimensions Ax x Ay. A
sketch is shown below:

0
qy,B + %Ay
Y 0q
dz,B + i Ay
D 5 dy
dy
Qy,A Gy.a T 5, B B
qx

z - A
qz,A A |Ay C Gz, A + 9z T

Az

B

Assume Fourier’s law:

. ou ou
q= (QmQy) 4z = _k% qQy = _ka_y

Here u is the temperature, assumed independent of z. Also, k is the heat conduction coeffi-
cient of the material. The vector ¢'is the heat flux density. Vector ¢'is in the direction of the
heat flow. Its magnitude |g] equals the heat flowing per unit area normal to the direction of
flow.

If you want the heat flow @ through an area element dS that is not normal to the direction
of heat flow, the expression is

Q=¢q- -nds
Here 7 is the unit vector normal to the surface element dS. Positive () means a heat flow
through the surface element in the same direction as 7.

Assume that no heat is added to the little rectangle from external sources.
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Answer:

If the temperature distribution is steady, then the net heat flowing into the rectangle must
be zero. If the net heat flow in was positive, the rectangle would heat up. So it would not
be steady. The same way, if the net heat flow in was negative, so net heat coming out, the
rectangle would cool down and not be steady.

So what you need to do is find the expression for the net heat flowing into the little rectangle.
To get this net heat flow, you need to sum the contributions of all the four segments of
the perimeter. It is here accurate enough to assume that the heat flux on each side can be
approximated by the heat flux at the center point of the segment, point A, B, C, or D. It
is also accurate enough to ignore the variations of the derivatives of the heat fluxes over the
rectangle.

Note also that heat flow along the boundary does not move heat in or out.

Next plug in Fourier’s law as given. Divide by the volume AzAyé of the rectangular piece
and take the limit that the dimensions go to zero. That then produces the Laplace equation.

You should be able to find arguments like the above in many books on engineering mathe-
matics.

18.2.1.2 Solution stanexl-b

Question:

Derive the Laplace equation for steady heat conduction using vector analysis. Assume
Fourier’s law as given in the previous question. In vector form

qd=—kVu

Assume that no heat is added to the solid from external sources.
Answer:

Consider an arbitrary volume V' of the solid. The net heat flow out of the volume V' per unit
time is given by

Qnet out:/i'ﬁds
S

where S is the outside surface of the volume and 7 the unit vector normal to the surface
element d.S.
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This heat flux must be zero. If there was net heat flow in or out, the volume would heat up,
respectively cool down.

Now use the Gauss-Ostrogradski theorem to convert the surface integral to a volume integral.
Then note that if an integrand always integrates to zero, regardless of which volume is
integrated over, then that integrand must be zero.

Show that this means that
V.-¢d=divg=0

Plug in Fourier’s law, and there you have the Laplace equation, assuming that k is constant.
(If it is not, you get an equation given in earlier examples.)

18.2.1.3 Solution stanexl-b1l

Question:
Consider the Laplace equation within a unit circle:
Ugg + Uyy = 0 for 2?4yt <1
The boundary condition on the perimeter of the circle is
u=(y* + 1)z for P ryf=1
To find the value of u at the point (0.1,0.2), can I just plug in the coordinates of that point

into the boundary condition? If not, what is the correct value of u at the point, and what
would I get from the boundary condition?

Also answer the above questions for the following problem:
Upg + Uyy =0 for 2?4yt <1
The boundary condition on the perimeter of the circle is
u=2+3x+ by for 2y’ =1
Find the value of u at the point (0.1,0.2). Fully defend your solution.

Answer:

First verify that the given boundary condition expression, u = (y? + 1)z does not satisfy the
Laplace equation. So this expression is not valid for u inside the circle.



30 CHAPTER 18. INTRODUCTION

Of course, the value for u at the given point might still be right by coincidence. To check
that, first verify that the correct solution to the problem is

3
u=>3z+ nyQ —12°
Do so by plugging it into the partial differential equation and boundary condition. Then
compute the value of u at the given point and compare with what you would get from the

given boundary condition.

Next verify that in the second case, the function given for u on the boundary does satisfy
the Laplace equation. So it must be the correct solution u at all z and y.

So, now just plug in the given coordinates.

18.2.1.4 Solution stanexl-b2

Question:

Suppose you have a Laplace equation problem where the boundary is symmetric around
the y-axis, like, say, in the previous two problems. In general, such a symmetric boundary
means that if (z,y) is a boundary point, then so is (—x,y). Also assume that u is given as
an antisymmetric function of x on this boundary; u(—z,y) = — — u(z, y) for any boundary
point. Show that in that case, u is antisymmetric function of x everywhere, i.e. u(—z,y) =
— — u(z,y) everywhere.

Then show that this means that the solution v will be zero on the y axis.

Also explain why the above would no longer be true if you had a first order x derivative in
the PDE, like for example g, + u,, + u, = 0.

Answer:

To show that w is zero on the y-axis if it is antisymmetric in x is easy. Just apply u(—=z,y)
= u(z,y) at z = 0 to get u(0,y) = —u(0,y). Then note that something can only be equal
to its negative if it is zero.

However, it is suprisingly messy to show that u is indeed antisymmetric everywhere if it is
on the boundary. To do it, define a couple of new variables:

(Z,y) = —u(z,y)

I}

r = —x

Here z is the z-coordinate flipped over around the y-axis, and @ is v with its sign flipped
over.



18.2. THE STANDARD EXAMPLES 31

Graphically, this may be pictured as follows:

Y

SN
N Ny

Up
‘/i‘

In terms of this picture, u at a point P in the Z, y-plane is defined as —u at the point P’ in
the x, y-plane.

Show that @(z,y) satisfies the Laplace equation just like u(z,y). To do so, use the chain rule
in

u(z,y) = —u(z,y)

Y
where x is a function of z given by x = z(z) = —7.)

Show also that u(Z,y) satisfies the exact same boundary condition as u(zx,y), (in terms of z
of course.)

Then, since Dirichlet boundary value problems for the Laplace equation have unique solu-
tions, @(Z,y) must be the exact same function as u(z,y). In terms of the picture above, @
at the point P is the same as u at the point P”. Since from the original definition it is also

equal to —u at P’, it follows that u at P’ is —u at P”. So u is antisymmetric.

To see that the above no longer holds when there is a first order x derivative in the equation,
just try to repeat the above analysis and then observe where it goes wrong.

18.2.1.5 Solution stanexl-b3

Question:
Consider the Laplace equation within a unit circle, but now in polar coordinates:
1
Upp + —Up + —Ugy = 0 for r<l1
r r

The boundary condition on the perimeter of the circle is

u(1,0) = f(0)

where f is a given function.
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The solution is the Poisson integral formula

1= f(0)do
u(r,0) = 27 7{1—27’008(5—9)4—7’2

Now suppose that function f(f) is increased slightly, by an amount ¢ f, and only in a very
small interval #; < 6 < 0,.

Does the solution u change everywhere in the circle, or only in the immediate vicinity of the
interval on the boundary at which f was changed. What is the sign of the change in w if J f
is positive?

Answer:

To simplify this, assume that the new solution is us = u; + du where u; is the old solution.
So du is the change in the solution.

You now have for the original solution

P 7{ £(6)dd

27 1 —2rcos( — ) + r2

and for the changed solution

u(r,0) + du(r,0) = - 7{ [£(0) +3£(0)]dO

27 1 —2rcos(f —0) +r?

Subtract the two to get

1—r? 5f(0)de
du(r,0) = -
u(r,9) 27 j{ 1 —2rcos(f — ) + r?

Now §f(6) is only nonzero in the interval from ) to 65, so

1— 2 /"2 5£(0)do
61 -

du(r,0) = -
u(r,9) 27 1 —2rcos(f — 0) + r?

Now use a little graph to show that for any point not extremely close to the segment from
0, to 05 on the boundary, the denominator of the integrand is about constant, so

12 [y26fdo 0, + 0y

1

du(r,0) = 21 1 —2rcos(f12 — 0) + r? 2

Now show that
1 —2rcos(fy —0) +7* > (1 —7r)?
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which is positive in the interior of the unit circle.

Then argue that this means that du is positive everwhere inside the circle. So the region
of influence of the little segment is the interior of the circle, and the temperature increases
everywhere.

18.2.1.6 Solution stanexl-b5

Question:

e Show that if u is a harmonic function in a finite domain, and positive on the boundary;,
then it is positive everywhere in the domain.

e Show by example that this does not need to be true for an infinite domain.

e Let u, v, and w be harmonic functions. Show that if v < v < w on the boundary of a
finite domain, then v < v < w everywhere inside the domain.

Answer:

e Use the minimum principle. The minimum of v must be on the boundary. So can u
be negative or zero inside the region?

e Take the domain, for example, to be y > 0, the boundary to be the x axis, and the
boundary condition on the z-axis to be u = 1. Now consider the solution v = 1 — y.
Verify that it satisfies the Laplace equation, and that it is positive on the boundary.
Verify that it is negative within the region.

e Look at the difference v — u. Explain that if v and v are harmonic functions, then

so is their difference. Now apply the earlier result about harmonic functions that are
posirtive on the boundary.

18.2.1.7 Solution stanexl-c

Question:

Consider the following Laplace equation problem in a unit square:
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B.C. uy(z,1) =0

y (Neumann)
u(z,y) =077
B.C. B.C.
w0,y) =0 Uzz Uy, =0 |uy(l,y)=0
(Dirichlet) (Neumann)
u(x,y) =177

B.C. u(z,0)=1 7
(Dirichlet)

The problem as shown has a unique solution. It is relevant to a case of heat conduction in a
square plate, with u the temperature. Someone proposed that the solution should be simple:
in the upper triangle the solution u(x,t) is 0, and in the lower triangle, it is 1.

Thoroughly discuss this proposed solution. Determine whether the boundary conditions and
initial conditions are satisfied. Is the partial differential equation satisfied in both triangles?

Explain why all isotherms except 0 and 1 coincide with the 45° line. And why the zero and
1 isotherms are indeterminate.

Finally discuss whether the solution is right.
Answer:

Plug the two given expressions for v into the Laplace equation and boundary conditions.
Show that they are satisfied.

An entire triangle has temperature 0, and the inside of a triangle cannot be shown as a single
line. The same for temperature 1.

Finally, show that the solution has a jump singularity inside the plate. That is inconsistent
with the requirement that solutions of the Laplace equation are smooth inside the considered
region. That means that the solution is no good.

18.2.1.8 Solution stanexl-d

Question:
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If for the problem of the previous question, the proposed solution is wrong, then so are the
described isotherms.

To get a clue about the correct solution and isotherms, consider the following simpler prob-
lem. In this problem the top and right boundaries have been distorted into a quarter circle:

0
BC: wu(z,0) =1 u(0,y) =0 a—u:Oonx2+y2:1
n

Solve this problem. Then neatly draw the v = 0, 0.25, 0.5, 0.75, and 1 isotherms for this
problem.

Also neatly draw u versus the polar angle 6 at » = 0.5. In a separate graph, draw the solution
proposed in the previous section, u = 1 for y < x and v = 0 for y > z, again against 6 at r
= 0.5.

Now go back to the problem of the previous question and very neatly sketch the correct u =
0, 0.25, 0.5, 0.75, and 1 isotherms for that problem. Pay particular attention to where the
0.25, 0.5, and 0.75 isotherms meet the boundaries and under what angle.

Answer:

You want to convert the simplified problem into polar coordinates r and . Show that the
Neumann boundary condition on the quarter circle simplifies to u, = 0.

Guess that the solution might be a function of 6 only, u = f(). Show that this satisfies the
Neumann boundary condition. Show that it satisfies the two Dirichlet boundary conditions
if f(0) and f(i7) have suitable values.

Look up the Laplacian in polar coordinates in a table book. Plug in u = f(6). That produces
an ordinary differential equation. Solve this equation and plug in the boundary conditions
on f. That gives the exact solution f(#) to the given problem. Draw the lines with the given
values of u in the x, y-plane.

Note that very close to the origin, there is presumably not much difference between the
current simplified problem and the original problem of the previous question. In that vicinity
the boundary conditions are the same. So draw the isotherms in the original problem the
same way near the origin.

The 0.5 isotherm can be drawn all the way based on antisymmetry of u — % around the 45°
line. Compare with the relevant earlier homework problem. Show that the 0.25 and 0.75
lines cannot hit the left and bottom boundaries. Based on the boundary conditions on the
other two boundaries, show that they must hit the boundary normally wherever they leave
the square. Then draw them neatly.
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18.2.1.9 Solution stanexl-e

Question:
Return once again to the problem of the second-last question.

The correct solution to this problem, that you would find using the so-called method of
separation of variables, is:

oo

4 .
u(w,y) = ; Wh(%nﬂ) sin(3nmx) cosh(3nm(1 — y))
n odd

Verify that this solutions satisfies both the partial differential equation and all boundary
conditions.

Now shed some light on the question why this solution is smooth for any arbitrary y > 0.
To do so, first explain why any sum of sines of the form

flx) = Z ¢y sin ($nmz)

n=1

is smooth as long as the sum is finite. A finite sum means that the coefficients ¢, are zero
beyond some maximum value of n.

Next, you are allowed to make use of the fact that the function is still smooth if the coefficients
Cn €0 to zero quickly enough. In particular, if you can show that

lim n*
n—oo

¢, =0
for every k, however large, then the function f(z) is infinitely smooth.

Use this to show that u above is indeed infinitely smooth for any y > 0. And show that it
is not true for y = 0, where the solution jumps at the origin.

Answer:

Search through a table book, in the Fourier series section, for the following result:

ii.(l - 1if —2<2 <0
— R = o< <2
no_dd

The book might list this series in a slightly different form; in that case, just rescale the x
and f values. If you can only find a saw-tooth, try differentiating it.
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Using this result, you can show that the boundary condition at y = 0 is satisfied. The other
boundary conditions and the partial differential equation can be verified directly from the
form of the solution.

A single sine is an infinitely smooth function. You can differentiate it as many times as you
want without getting singularities. Argue that according to calculus, the derivatives of a
sum of two functions are just the sum of the derivatives of each separate function. So a sum
of two sines is an infinitely smooth functions. And then so is the sum of a sum of two sines
and another sine. And then so is the sum of the sum of three sines and another sine.

To show that the coefficients ¢, go to zero sufficiently quickly, you can use I'Ho[s]pital. You

first need to compare u with the generic f(z) to see what the coefficients ¢, are that you
want to be vanishingly small for large n.

18.2.2 The heat equation

18.2.2.1 Solution stanexh-a

Question:

This is a continuation of a corresponding question in the subsection on the Laplace equation.
See there for a definition of terms.

Derive the heat equation for unsteady heat conduction in a two-dimensional plate of thickness
9, Do so by considering a little Cartesian rectangle of dimensions Az x Ay.

In particular, derive the heat conduction coefficient x in terms of the material heat coefficient
k, the plate thickness ¢, and the specific heat of the solid C,.

Answer:

The amount of thermal energy residing in the little rectangle will equal its volume times its
density times its specific heat times its temperature (plus a constant that is not important):

E = pCrulAxAyt

The time derivative of this energy is of course the net heat energy flowing in per unit
time. Which is minus the net heat energy flowing out. That heat flow was derived in the
corresponding question for the Laplace equation.
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Put the two together and divide by AzAyd to get the heat equation.

You should be able to find arguments like the above in many books on engineering mathe-
matics.

18.2.2.2 Solution stanexh-b

Question:

This is a continuation of a corresponding question in the subsection on the Laplace equation.
See there for a definition of terms.

Derive the heat equation for unsteady heat conduction using vector analysis.
Answer:

The amount of thermal energy residing in a given volume is equal to

/ pCpudV
plus a constant that is not important.
The time derivative of this energy is of course the net heat energy flowing in per unit time.
Which is minus the heat energy flowing out. That heat flow was derived in the earlier section.

Use the divergence theorem to convert it into a volume integral.

Put the two together to get the heat equation. Note that if a volume integral is zero regardless
of what you take the volume to be, the integrand must be zero.

18.2.3 The wave equation

18.2.3.1 Solution stanexw-a

Question:

Derive the wave equation for small transverse vibrations of a string by considering a little
string segment of length Ax.
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Answer:

A sketch of the string segment is shown below.

00
0 —A
T 0, A+ 7 T

elﬂ/‘ N

The vertical position of the string segment is v and the horizontal coordinate is z. Call the
mass of the string per unit length p. Call the tension force in the string 7'. The magnitude of
this tension force can be assumed to be constant because there is no significant longitudinal
motion. However, the direction of the force varies and that cannot be ignored. The varying
direction produces net vertical forces. While small, they are big enough to produce the small
vertical vibrations of the string.

Now find the net vertical force on the segment by taking vertical components of the tension
forces on the two end points of the segment. Then apply Newton’s second law. Note that
the tension force must be in the direction of the string at each point. Otherwise you get into
trouble with the momentum equation for infinitesimal segments; an infinitely thin string has
no bending stiffness nor a moment of inertia proportional to the length of string.

Note also that for small angles 6,
sin(f) ~ 0 tan(f) ~ 0
Also remember from calculus that

u
8_,35 = tan(@)

where 6 is the angle between the tangent of the curve u versus x and the z-axis for a given

time.

You should be able to find arguments like the above in many books on engineering mathe-
matics.

18.2.3.2 Solution stanexw-b

Question:
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Maxwell’s equations for the electromagnetic field in vacuum are

:%E:f (1) V-B=0 2)
0

. 0B oo = ] OE
VxE= E (3) CVXB_€0+at (4)

Here E is the electric field, B the magnetic field, p the charge density, 7the current density, ¢
the constant speed of light, and ¢, is a constant called the permittivity of space. The charge
and current densities are related by the continuity equation

dp L
E‘FV']—O (5)

Show that if you know how to solve the standard wave equation, you know how to solve
Maxwell’s equations. At least, if the charge and current densities are known.

Identify the wave speed.
Answer:
Use the formulae of vector analysis, as found in, for example, [2].

First show from the Maxwell’s equations that the divergence of B is zero. Then vector
calculus says that it can be written as the curl of some vector. Call that vector Ag.

B=VxA4, (6a)

Next define

- L 9A,
E,=F+—=>
v + ot

Plug it into the appropriate Maxwell’s equation to show that the curl of E@ is zero. Then
vector calculus says that it can be written as minus the gradient of a scalar. Call this scalar
@o- Plug that into the expression above to get

Next verify the following: if you define modified versions A and @ of Ao and o by setting

89 bnd —

where () is any arbitrary function of z, y, z, and ¢, then still

B=VxA (6)
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4 OA
E=-Vo-— (7)

This is the famous “gauge property” of the electromagnetic field. Verify it by plugging in
the given definitions of A and ¢ and using (6a) and (7a).

Now argue that you can select €2 so that
> 1op

A+ 2 =

V-A+ 27 0 (8

To do so, plug in the definitions of A and © to get
1 829 2 - 1 8@0
N Q = . A —_—— = 0
c? Ot? v Voot 2 Ot

Argue that this is an inhomogeneous wave equation for €2. Argue that even if Ay and o do
not satisfy (8), after you solve the wave equation for 2, A and ¢ will.

Now plug the expressions (6) and (7) for E and B in terms of A and ¢ into the Maxwell’s
equations. Clean up the expressions you get using (8). That gives uncoupled equations for
A and . Show that they are wave equations. Show that the wave speed is the speed of
light.

So you have shown that for any solution E and B of Maxwell’s equations, there are potentials
A and ¢ that satisfy wave equations.

You will want to invert that argument. Suppose that you have solutions A and @ of the

wave equation. Suppose they satisfy (8). Show then that the E and B as defined by (6) and
(7) satisfy Maxwell’s equations.

18.2.3.3 Solution stanexw-c

Question:

Consider the following wave equation problem in a unit square:

t
u(z,y) =077
B.C. B.C.
u(0,t) =0 Uy = AUy ug(1,) =0
(Dirichlet) (Neumann)
u(z,y) =177

LC. w(z,0)=1 wuz,00=0 %
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This is basically identical to a Laplace equation problem in the first subsection. Like that
problem, the above wave equation problem has a unique solution. It is relevant to a case
of acoustics in a tube, with u the pressure. Someone proposed that the solution should be
simple: in the upper triangle the solution w(z,t) is 0, and in the lower triangle, it is 1.

Thoroughly discuss this proposed solution. Determine whether the boundary conditions and
initial conditions are satisfied. Is the partial differential equation satisfied in both triangles?
Finally discuss whether the solution is right. Consider the value of the wave speed a in your
answer.

Sketch the isobars of the correct solution. In particular, sketch the u = 0 0.25, 0.5, 0.75, and
1 isobars, if possible. Sketch both the case that a = 1 and that a = /2.

Answer:

Plug the given two-region solution into the partial differential equation, boundary, and initial
conditions to verify that they are satisfied.

However, singularities should propagate with the wave speed. Show that the speed of prop-
agation dx/dt of the singularity is one. So argue that the solution can only be right for a =
1.

Draw the 0.25, 0.5, and 0.75 at the locations where the solution changes from 0 to 1, appar-
ently passing through 0.25, 0.5, and 0.75 while doing so.

Argue that an entire region has u = 0 and that a region cannot be drawn as a single line.
Similarly for u = 1.

Obviously, for a = /2 the singularity must propagate with that speed. Use that to produce
your correct isobars.

18.2.3.4 Solution stanexw-e

Question:
Return again to the problem of the last question. Assume a = 1.

The correct solution to this problem, that you would find using the so-called method of
separation of variables, is:

o

_ in(l 1
u= E — sin(znmx) cos(znmt)
n=1
n odd
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Verify that this solutions satisfies both the partial differential equation and all boundary and
initial conditions.

Explain that it produces the moving jump in the solution as given in the previous question.

The discontinuous solution given in the previous question is right in this case. It is right
because it is the proper limiting case of a smooth solution that everywhere satisfies the
partial differential equation. In particular, if you sum the above sum for u up to a very high,
but not infinite value of n, you get a smooth solution of the partial differential equation that
satisfies all initial and boundary conditions, except that the value of u at ¢ = 0 still shows
small deviations from u = 1. The more terms you sum, the smaller those deviations become.
(There will always be some differences right at the singularity, but these will be restricted
to a negligibly small vicinity of z = 0.)

Answer:

From the form of the solution, you will find that the partial differential equation, boundary
conditions and initial condition on wu; are satisfied. To verify the initial condition, found in
Fourier series table books:

—~ 4 . [ 1if-2<2<0
Z — sin(znrz) = Lif0<z<2

The table book might have this result in a slightly different form, but you can rescale it.
You might want to give the function above a name, like h(x).

Now simplify the solution by using the fact that
sinacos 8 = 3 sin(a + () + 3 sin(a — )

This allows you to write the solution as the sum of two simpler ones. Each of these two
terms can be written in terms of the function h but with arguments x — ¢t and x 4 ¢ insteda
of x.

Plot these two solutions in the same graph of u versus x for an arbitrary value of ¢ less than

one and greater than zero. Add the two curves graphically together. Show in that way that
u=0for x <tand u =1 for x > t. That is the solution as given in the previous question.

18.2.3.5 Solution stanexw-f

Question:

Find the possible plane wave solutions for the two-dimensional wave equation

2 2
Ut = Q" Ugy + Q" Uyy
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What is the wave speed?

Also find the possible standing wave solutions. Assume homogeneous Dirichlet or Neumann
boundary conditions on some rectangle 0 < z < £, 0 < y < h. What is the frequency?

Repeat for the generalized equation
2 2 2
Uy = A Ugg + A5y, + 07U
where ai, as, and b are positive constants.

Answer:

Plane wave solutions are solutions of the form
u= f(n-7—ct)

where c is a constant, giving the speed of the wave, and 77 a constant unit vector, giving the
direction of propagation.

Plugging it into the wave equation produces ¢> = a? so the propagation speed is +a. The
“wave shape,” the function f, is completely arbitrary.

These are propagating two-dimensional waves. To make this point, you can show a picture
of the wave at both time zero and at a time ¢ > 0, assuming an arbitrary wave shape f

There is an alternate solution in which the wave speed is completely arbitrary but the wave
shape is not. Since this solution is not bounded, you can argue that it is not what people
usually understand to be a wave. You might compare its wave shape with waves on the
beach, for example.

If you plug the general expression for a plane wave into the generalized wave equation, things
change. You find an ordinary differential equation for the wave shape. You find that that
equation has only finite solutions if

lc| < y/ain2 + ajn?
In that case, you find that the waves are sinusoidal:
u = Asin(k[n,z + nyy] + ¢)

where the amplitude A and the phase angle ¢ are arbitrary constants. The wave speed c is
related to the wave number £ as

b2
c= i\/a%ni + azn? — 2
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Therefore, when b is not zero, the sinusoidal waves in a given direction do not all go at the
same speed as they do for the basic wave equation. In particular, waves of smaller wave
number, or longer wave length, go slower. And at a lowest value of the wave number, the
waves come to a halt. Below that wave number, there are no propagating sinusoidal waves.

The standing wave solutions of interest are solutions of the form
u = sin(kyz + ¢1) sin(kyy + ¢2) sin(wt + ¢3)

where the wave numbers k; and k5, and the frequency w are positive constants. These can
satisfy homogeneous Dirichlet or Neumann boundary conditions on some rectangle 0 < z <
¢, 0 < y < h. The phase angles ¢ are not important here so you may assume them to be
Zero.

Use a sketch at different times to show that the shape of the wave does not change. Only the
amplitude changes. The wave does not move; for example, draw attention to the locations

where u = 0.

If you plug it in, for the standard wave equation you find w = *ak where k = |/kZ + k2.
The ratio w/k is therefore equal to the wave speed a in magnitude.

For the generalized wave equation, there are only standing wave solutions if the wave number
is large enough. In particular you find that if a; = ay = a, then k > b/a is required.

18.3 Properly Posedness

18.3.1 The conditions for properly posedness

18.3.1.1 Solution ppc-a

Question:

Show that the Dirichlet boundary-value problem for the Poisson equation on a finite domain,

Viu=/f on u=g on 0o
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has unique solutions. You cannot have two different solutions u; and us to this problem.
Answer:

Suppose that there are two solutions u; and us. For nonuniqueness, the difference v = us —u;
must be nonzero.

Show that v satisfies the Laplace equation by subtracting the Poisson equations satisfied by
uy and uy. Show that v is zero on the boundaries by subtracting the boundary conditions
satisfied by u; and us.

Now use the maximum and minimum properties of the Laplace equation to show that v is
zero. That means that us = u; + v equals u;. So the supposed two different solutions are
not different.

18.3.1.2 Solution ppc-b

Question:

Assuming that the Dirichlet boundary-value problem for the Laplace equation on a finite
domain,

V=0 on u=f on 60

is solvable, show that it depends continuously on the data.
Answer:

Assume that data f; produce a solution u; and fy a solution us. Define v as the difference
between the two solutions, and ¢ as the difference between the two data.

Show that v satisfies the Laplace equation. Show that on the boundary v equals the change
in the data g. Then, using the maximum and minimum properties of the Laplace equation,
argue that the (maximum) change in the solution is no larger than the (maximum) change
in the data.

18.3.1.3 Solution ppc-c

Question:

Repeat the previous two questions for the Dirichlet initial / boundary value problem for the
heat equation,

u = kV*u on u=f on 6 u=g at t=0
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Answer:

Use the maximum and minimum properties of the heat equation.

18.3.2 An improperly posed parabolic problem

18.3.3 An improperly posed elliptic problem

18.3.3.1 Solution ppe-a

Question:

Show that the given solution
u(z,y) = sin(nx) cosh(ny)
for natural n does indeed satisfisfy the Laplace equation
Uyy + Uz =0
and the boundary conditions

u(z,0) =sin(z) uy(xr,0)=0 u(0,y) =0 wu(mr,y)=0
Answer:
Plug it in.
18.3.3.2 Solution ppe-b

Question:

For the Laplace equation
Uyy + Upy = 0

47
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with boundary conditions

u(z,0) = f(x) uy(z,0)=0 u(0,y) =0 wu(r,y)=0

the “separation of variables” solution is

u(z,y) = Z fnsin(nz) cosh(ny)

n=1

Here the “Fourier coefficients” f,, must chosen so that they satisfy

f(z) = Z fnsin(nz)

Check this solution.
Can you immediately see that this separation of variables solution is probably no good?
Answer:

Plug the solution in the partial differential equation and all four boundary conditions. You
will find that they are all satisfied.

If you are concerned about manipulating infinite sums, then for now simply assume that
f(zx) is such that f,, is zero above some largest value n = ny,,x. Then the sums are finite and
you can manipulate them in the usual ways.

You can see that this separation of variables solution is probably no good, but not from the
simple checks above. So no.

18.3.3.3 Solution ppe-c

Question:

For the Laplace equation
Uyy + Uz = 0

with boundary conditions

u(w,0) = f(2) wy(,0)=0 u(0,y) =0 u(r,y)=0
assume that f(z) is the triangular profile:

fl@)=z if z<ir fl@)=m—a if z>1ix
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The “separation of variables” solution for this problem is
u(z,y) = Z fnsin(nz) cosh(ny)
n=1

where the “Fourier coefficients” f,, must chosen so that they satisfy
oo
f(x) =" fasin(nz)
n=1

where f(z) is the triangular profile described above.

Plot this separation of variables solution for ¥y = 0 and for a few values greater than zero
like y =1, y = 0.5, y = 0.25. Then comment on whether a solution u exists at y = 0 and
for y > 0.

This example should illustrate that typical improperly posed problems might have solutions
if the data are perfectly smooth and their Taylor series have finite radii of convergence. But
if there is a singularity, like the kink in the triangular profile, all bets are off.

You might know that if you talk about instability of ordinary differential equations, you
wonder about what happens to the solution for infinite time. But in this problem you do
not let the “time” coordinate y go to infinity. The problem is not large y, but large “wave
number” n. The large wave number problem is really unique to partial differential equations.
(If you had a system of infinitely many ordinary differential equations, you might also run
into it.)

Include your code, if any.
Answer:

Skim through the Fourier series tables of a table book for an appropriate trangular wave
f(x). You will find that the Fourier coefficients f,, are:

4 1

fn= — sin (TL§7T>
Given that, you can plot the solution
u(z,y) = f: 4 sin (n3m) sin(nz) cosh(ny)
YY) = - 7_[_n2 2 Y
n=

Use a programming language with plotting capability like mathcad, matlab, or octave to
plot this solution.
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Of course, on a computer you must stop summing at some finite value n., of n. Try plotting
increasing values of n., to figure out what the infinite sum will look like.

First plot y = 0. You should find that the triangular profile is produced just fine by the
infinite sum.

Now plot a nonzero value of y, like y = 0.5. Try different values n,.. = 3, then 5, 10, 20,
40, and 100. Keep your eyes on the numbers on the axes. Use the results to argue that the
exact solution u at y = 0.5 does not exist.

When using matlab or octave, you could use a program like badlap_run.m'. You should first

look at what is in there. Then you need to save it in your matlab working directory as a file

called badlap_run.m. You will also need the function that performs the sum, badlap_sum.m?.

You need to save this in your matlab working directory as a file called badlap_sum.m.
Then inside matlab or octave issue the command badlap_run to plot. Change the values of

n_max and y as needed and run the program again. Use “help print” for information on how
to make hardcopies of some of the plots you need to make your case.

18.3.3.4 Solution ppe-d

Question:

Continuing the previous question, show analytically that for the supposed solution

— 4
u(z,y) = Z — sin (ni) sin(na) cosh(ny)

n=1

the sum does not converge for any x if y > 0.

Also show analytically that at the halfway point = = %7‘(‘, the values that you get while
summing increase monotonically to infinity.

Answer:

Note that a requirement for a sum to converge is that the terms in the sum go to zero. Now
apply good old I'Ho[s|pital, or equivalent, on cosh(ny)/n?.

At the halfway point, you can show that the terms being summed are always positive, and
that they grow bigger and bigger. So their sum grows bigger and bigger too. Therefore u
goes to infinity monotoneously.

1badlap_run.m
2badlap_sum.m
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18.3.3.5 Solution ppe-e

Question:

Show that the Laplace equation
Viu=0 inside Q

with the Neumann boundary condition

%:1 on 6

has no solution. That makes it an improperly posed problem. To focus your thoughts, you
can take an example domain €2 to be the inside of a sphere, and 2 as its surface.

Explain the lack of solution in physical terms. To do so, consider this a steady heat conduc-
tion problem, with u the temperature, and the gradient of u the scaled heat flux.

Generalize the derivation to determine the requirement that
Viu=f inside Q
with the Neumann boundary condition

g—Z:g on 02

has a solution.

Answer:

Write the integral of the partial differential equation over the domain 2 (like the volume
of the sphere). Then use the divergence theorem to convert it to an integral over 0€2 (like
the surface of the sphere). Identify the integrand in each integral, and hence the integrals
themselves.

In the explanation, consider the net heat entering or leaving the domain. Note that the
Laplace equation describes steady heat conduction, in which the temperature does not vary
with time.

18.3.3.6 Solution ppe-f

Question:
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Show that if the Poisson equation
Viu=f inside Q
with the Neumann boundary condition
% =g on o€
has a solution, it is not unique.
Answer:
Suppose you have a solution u;. Then us = u; + C, where C' is any arbitrary constant, is

also a solution. The constant differentiates away in both the partial differential equation and
boundary condition.

18.3.4 Improperly posed hyperbolic problems

18.3.4.1 Solution pph-a

Question:

Show that the given solution
u(z,y) = sin(nzx) sin(nt)

with n = msy does indeed satisfisfy the wave equation
Ut = Uy

and the boundary conditions

How about twice that solution? Ten times? How about if n = 2ms? How about if n =
10ms? So how many solutions are there really to this single problem?

Answer:
Plug it in.

There are infinitely many solutions.
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18.3.4.2 Solution pph-b

Question:

For the brave. Show without peeking at the solution that the problem for irrational T is
improperly posed by showing that you can make

sin(nT'm)

arbitrarily small by choosing suitable values of n. Then for these values of n, the solution

1
u= Sn(nTr) sin(nz) sin(nt)

becomes arbitrarily large in the interior although is is no larger than 1 on the boundary. So
the problem for irrational 7" is improperly posed too, but not because the solution is not
unique, but because small data (f, i.e. u on the top boundary) do not produce correspond-
ingly small solutions in the interior.

Answer:
Trying to approximate T by its decimal expansion, as done for /2, is not accurate enough.

Instead note that what you need is that n'T" is arbitrarily close to an integer. That will make
the sine arbitrarily small.

To achieve that, build up the desired value of n in stages as a product.

To start, simply take n = 1. Note that obviously nT" = T will always within a distance of
no more that % of some integer. Now if nT is also within a distance of no more that % of
that integer, do not change n, leave it 1. If however the value of nT is more than % away
from the integer, multiply n by 2, i.e. take the new n equal to 2. That brings the new nT

within £ of a (different) integer.

Next, if the current n7T is a distance within i of an integer, do nothing. Otherwise multiply
the current n by 3. That brings nT" within a distance i of an integer.

Next, if the current nT is a distance within % of an integer, do nothing. Otherwise multiply
the current n by 4. That brings nT" within a distance % of an integer.

Etcetera. In this way, nT can be driven arbitrarily close to an integer. That makes sin(nT'r)
arbitrarily small.
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18.4 Energy methods

18.4.1 The Poisson equation

18.4.1.1 Solution emp-a

Question:

Show that the Poisson equation
Viu = f
with boundary conditions

uy(z,1) = g1(x) uy(,0) = ga(x)

w0,9) =g5(y)  uw(ly) +us(l,y) = ga(y)
has unique solutions.
Answer:
Follow the lines of the uniqueness proofs above. However, in this case you need to write out
all four parts of the boundary integral separately. Then you can follow arguments like the

ones in the text to show that the diffence between any two solutions is still a constant, and
that that constant is still zero.

18.4.1.2 Solution emp-b

Question:

Using the arguments given in the text, uniqueness can not be shown for the Poisson equation
Viu = f

with boundary conditions

uy(‘ral) :gl<x> uy(x,O) ZQQ(x)
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u(0,y) = g3(y)  w(l,y) —u.(1,y) = ga(y)

Of course, just because you cannot prove uniqueness does not mean it is not true. But show
that this problem never has unique solutions. If it has a solution at all, there are infinitely
many different ones.

Answer:

If you can show that the homogeneous problem has a nontrivial (nonzero) solution v, you are
done. Then if there is any solution u; to the original problem, infinitely many more solutions
can be obtained by adding arbitrary multiples of v to u;.

To find a nontrivial solution, guess it. In particular, based on the boundary conditions for
vaty = 0and y = 1, guess that the nontrivial solution v may be independent of x. If you
plug that assumption into the partial differential equation and boundary conditions, you can
indeed find a nonzero solution.

If you solve the problem for a general mixed boundary condition, using separation of vari-

ables, you find that for many values of the coefficients A and B, but not all, there are
nonunique solutions. However, there are none unless A and B have opposite sign.

18.4.2 The heat equation

18.4.3 The wave equation

18.5 Variational methods [None]

18.6 Classification
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18.6.1 Introduction

18.6.2 Scalar second order equations

18.6.2.1 Solution clasnd-a

Question:

The equation
u — V- (pVu) +qu=f

is a generic unsteady heat conduction equation, with u the temperature relative to the
surroundings. The first term is the rate of temperature change at a point. The second term
represents heat accumulation at the point due to conduction of heat. In it, p is the heat
conduction coefficient. The third term would in be an approximation to the heat radiated
away to the surroundings, either in two-dimensions or for a transparant medium. The right
hand side represents heat that is explicitly added from other sources. Classify this equation.
Also classify the steady version, i.e. the equation without the wu; term.

Answer:
Note that the unsteady equation is a partial differential equation in four dimensions even

though there are no second order derivatives involving time. There is still a first order time
derivative.

18.7 Changes of Coordinates

18.7.1 Introduction
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18.7.2 The formulae for coordinate transformations

18.7.3 Rotation of coordinates

18.7.3.1 Solution rotcoor-a

Question:
Simplify the partial differential equation
10ugy + 6Uzy + 2uyy = u, +x + 1

by rotating the coordinate system. Classify the equation. Draw the original and rotated
coordinate system and identify the angle of rotation.

Answer:

Identify the matrix A. Find the eigenvalues and orthonormal eigenvectors. You find
Vi 3 A _]_
A =11 7= 1 /V10 =1 )= 3 /V10

The eigenvalues are of the same sign, so it is elliptic.

You then find the relation between the coordinates to be

3 1 1 3
mz—x/——’ y:—x/+_l

NATRERVAT TRRYAT

/:_L$1_‘_ 3 /

3 1,
Jioo v YT Tyt v

x/

So using the conversion rule for the first derivative u,, the PDE becomes

3 1 3 1
11’U,w/x/—|—U//:—uz/— U,y + xl_ /+1
/10 NATRRVAT) /10"
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18.7.4 Explanation of the classification

18.7.4.1 Solution expclass-a

Question:

Convert the equation

1 3 1
!/ y/+1

3
—— Uy — Uy + x
V10 V10 7 10 V10

to be as close as possible to the Laplace equation.

]_1’LLI/$/ + uy/y/ =

Answer:

Define £ = 2//v/11, n = /' to give

=

3 1 3 1
Ugg + Uppy = ———=Ug — ——=1Uy + — +1
ST A10 J10 " \/105 10"

Then define v by the relation u = v ol +bi, Plug it in and you see that for the values of a
and b for which the first order derivatives vanish,

1 3V11 1
Vee + v, = —p + _ +1 | emV11-39)/(2v110)
T3 ( Vit Vi )

18.8 Two-Dimensional Coordinate Transforms

18.8.1 Characteristic Coordinates
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18.8.2 Parabolic equations in two dimensions

18.8.3 Elliptic equations in two dimensions

18.8.3.1 Solution 2dcanel-a

Question:

Convert the equation
10Ugy + 66Uy + 2uyy = up +x + 1

to two-dimensional canonical form.

Using rotation and stretching of the coordinates you would get

. 3 L 3\/115 1
Uge + Upy = —F—=Us — —F—1U -
N T RV AT VAT Ty

Do you get the same equation? Should you? Comment.

n+1

Answer:

You get
100 10

3 1
Uge + Uppy = U + Uy + 1+

You do not necessarily get the same result. If you rotate the coordinate system, the Laplacian
stays the same, but the right hand side changes. The same happens when you scale both
coordinates by the same factor.
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Green’s Functions

19.1 Introduction

19.1.1 The one-dimensional Poisson equation

19.1.1.1 Solution gfld-a

Question:

Solve the Poisson equation

sinh z
Ugg = —2————=—
cosh” x

numerically using Green’s functions. Experiment with numerical parameters and show con-
vergence.
Include your code.

Answer:

The different right hand side does not change the Green’s function of the one-dimensional
Poisson equation. However, the exact solution u is of course different; you find it is tanh x.

60
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To numerically find that solution, you might consider adapting the program used to produce
the example in the text. That program consisted of the matlab or octave files gfld_run.m?,
gfld_fm?, gfld_sumgf.m?3, and gfld_u_exa.m?.

You may want to experiment with the size of the interval outside of which you can ignore
the right hand side in your Poisson equation. However, the right hand side does fortunately
become negligible quickly.

Another thing you could try is evaluate [ . f(£') d¢’ exactly, rather than approximate it as
spike

f(&)AE. T suspect that this will give much better results when using small numbers of wide

“spikes.”

19.1.1.2 Solution gfld-b

Question:

Show that -
o) = [ Mo -elra
3

is a solution to
Uy = f(x) —o00 <2 <00

You can assume that function f(£) becomes zero rapidly at large £. (If you want, you can
assume it is zero beyond some value &y, of |€].) Find out what function @ is relative to
some given second anti-derivative ug of f.

Answer:

First of all, define a second anti-derivative of f to be uy. That allows you from now on to write
f as ug. Note also that u is one possible solution to the Poisson equation. The most general
solution is this particular solution plus the general solution of the homogeneous equation.
Use your knowledge of ordinary differential equations to show that the most general solution
is

ug + A+ Bx

It must therefore be shown that the Green’s fuction solution @ is of this form.

Now restrict the region of integration of @ to —R < & < R where R is some large number.
Take R > &nax so that the integral is zero beyond R. Also, take R large enough that the

1gf ld_run.m
Zgf1d_f.m
3gf1d_sumgf .m
4gf 1d_u_exa.m
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particular x at which you want to find w is in the range —R < x < R. Show that that since
f is zero for & > &ax,

Uo(f) = Cl + 025 for g > fmax

Also, since f is zero for £ < —&pax,

uo(§) = D1+ Do€ for § < —&max

According to the above, your value of R is large enough that R is in the first range and —R
is in the second.

Split the integral into two parts £ < x and £ > = because the absolute value in the integral
is different in these two cases. You get

R

i = / Le — €)ul(e) dé + / L(¢ — a)ul(€) de
¢&=—R £=x

Integrate each term by parts and clean up. Use the fact that £R fall in the mentioned
ranges.

You then find that @ is indeed a solution to the Poisson equation.

19.1.2 More on delta and Green’s functions

19.2 The Poisson equation in infinite space

19.2.1 Overview

19.2.2 Loose derivation
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19.2.2.1 Solution pninfl-a

Question:

Do an analysis similar to either this subsection, or the next one, to derive the Green’s function
of the Poisson equation in three dimensional infinite space.

Answer:

The answer is the result stated in the overview section.

19.2.3 Rigorous derivation

19.3 The Poisson or Laplace equation in a finite region

19.3.1 Overview

19.3.2 Intro to the solution procedure

19.3.3 Derivation of the integral solution
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19.3.3.1 Solution pnfd-a

Question:

Perform the equivalent analysis in the three dimensional case.
Answer:

One difference is that the Green’s function is different.

Another difference is in the behavior of the solution at large distances. In three dimensions:

C
uout~01+?2+...

However, the final answer turns out to be very similar. (Of course, area integrals become
volume integrals and contour integrals become surface integrals.)

19.3.4 Boundary integral (panel) methods

19.3.5 Poisson’s integral formulae

19.3.6 Derivation

19.3.6.1 Solution pnifd-a

Question:

Find a suitable solution u.,; outside the sphere in three dimensions. Show that it satisfies
the Laplace equation.
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Answer:

In three dimensions, you will have to take

1 1
Uout (1,0, ) = A=u(r, 1, ) where F=—.
r r

The Laplacian in spherical coordinates is readily available in table books. Taking derivatives
goes in the same way as in two dimensions. However, note that you will need to use the
product rule immediately.

19.3.6.2 Solution pnifd-b

Question:
Derive the Poisson integral formula in three dimensions as given in the previous subsection.
Answer:

In two dimensions the source distribution drops out completely. In three dimensions, both
the source and dipole distributions stay.

In particular, you cannot get O(u — out)/Or to be zero. You can however take A so that it
only involves the given u on the boundary, not the unknown radial derivative of w.

Then you will need to combine

oG

2
8n5

+G

and clean up that combination using similar procedures as in three dimensions.

If you cannot find the unit vector i, in spherical coordinates, evaluate it as 7/r with 7 =
(x,y, z) expressed in spherical coordinates. Use trig to clean up the dot product %, - i, a bit.

Also, in an earlier homework you, hopefully, showed that in spherical coordinates

F
ndsS = VF 72 sin 0 df¢

T

where ' = 0 describes the surface, in this case r = 1. The gradient in spherical coordinates
is in table books.

19.3.7 The integral formula for the Neumann problem
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19.3.8 Smoothness of the solution
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First Order Equations

20.1 Classification and characteristics

20.2 Numerical solution

20.3 Analytical solution

20.4 Using the boundary or initial condition

67
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20.5 The inviscid Burgers’ equation

20.5.1 Wave steepening

20.5.2 Shocks

20.5.3 Conservation laws

20.5.4 Shock relation

20.5.5 The entropy condition

20.6 First order equations in more dimensions



20.7. SYSTEMS OF FIRST ORDER EQUATIONS (NONE)

20.7 Systems of First Order Equations (None)
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Chapter 21

D’Alembert Solution of the Wave
equation

21.1 Introduction

21.2 Extension to finite regions

21.2.1 The physical problem

21.2.2 The mathematical problem
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21.2. EXTENSION TO FINITE REGIONS

21.2.3 Dealing with the boundary conditions

21.2.4 The final solution

71



Chapter 22

Separation of Variables

22.1 A simple example

22.1.1 The physical problem

22.1.2 The mathematical problem

22.1.3 Outline of the procedure

22.1.4 Step 1: Find the eigenfunctions

72
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22.1.5 Should we solve the other equation?

22.1.6 Step 2: Solve the problem

22.2 Comparison with D’Alembert

22.3 Understanding the Procedure

22.3.1 An ordinary differential equation as a model

22.3.2 Vectors versus functions

22.3.3 The inner product
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22.3.4 Matrices versus operators

22.3.5 Some limitations

22.4 Handling Periodic Boundary Conditions

22.4.1 The physical problem

22.4.2 The mathematical problem

22.4.3 Outline of the procedure

22.4.4 Step 1: Find the eigenfunctions



22.5. FINDING THE GREEN’S FUNCTION

22.4.5 Step 2: Solve the problem

22.4.6 Summary of the solution

22.5 Finding the Green’s function

22.6 Inhomogeneous boundary conditions

22.6.1 The physical problem

22.6.2 The mathematical problem

22.6.3 Outline of the procedure
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22.6.4 Step 0: Fix the boundary conditions

22.6.5 Step 1: Find the eigenfunctions

22.6.6 Step 2: Solve the problem

22.6.7 Summary of the solution

22.7 Finding the Green’s functions

22.8 An alternate procedure

22.8.1 The physical problem



22.9. A SUMMARY OF SEPARATION OF VARIABLES

22.8.2 The mathematical problem

22.8.3

22.8.4

22.8.5

22.8.6

Step 0: Fix the boundary conditions

Step 1: Find the eigenfunctions

Step 2: Solve the problem

Summary of the solution

22.9 A Summary of Separation of Variables

22.9.1 The form of the solution
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22.9.2 Limitations of the method

22.9.3 The procedure

22.9.4 More general eigenvalue problems

22.10 More general eigenfunctions

22.10.1 The physical problem

22.10.2 The mathematical problem

22.10.3 Step 0: Fix the boundary conditions
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22.10.4 Step 1: Find the eigenfunctions

22.10.5 Step 2: Solve the problem

22.10.6 Summary of the solution

22.10.7 An alternative procedure

22.11 A Problem in Three Independent Variables

22.11.1 The physical problem

22.11.2 The mathematical problem
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22.11.3 Step 1: Find the eigenfunctions

22.11.4 Step 2: Solve the problem

22.11.5 Summary of the solution
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Fourier Transforms [None]
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Chapter 24

Laplace Transforms

24.1 Overview of the Procedure

24.1.1 Typical procedure

24.1.2 About the coordinate to be transformed

24.2 A parabolic example

24.2.1 The physical problem
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24.3. A HYPERBOLIC EXAMPLE

24.2.2 The mathematical problem

24.2.3 Transform the problem

24.2.4 Solve the transformed problem

24.2.5 Transform back

24.3 A hyperbolic example

24.3.1 The physical problem

24.3.2 The mathematical problem
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24.3.3

24.3.4

24.3.5

24.3.6

CHAPTER 24.

Transform the problem

Solve the transformed problem

Transform back

An alternate procedure

LAPLACE TRANSFORMS
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Addenda

A.1 Distributions
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Appendix B

Derivations

B.1

B.2

B.3

B.4

Orthogonal coordinate derivatives

Harmonic functions are analytic

Some properties of harmonic functions

Coordinate transformation derivation
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B.5. 2D COORDINATE TRANSFORMATION DERIVATION

B.5 2D coordinate transformation derivation

B.6 2D elliptical transformation
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Notes

C.1 Why this book?

C.2 History and wish list
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Web Pages

Below is a list of relevant web pages.

1. [Wikipedial
A valuable source source of information on about every loose end, though
somewhat uneven. Some great, some confusing, some overly technical.

‘http://wikipedia.org
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