Introduction

Ordinary differential equations:

e Dynamical systems
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e Fluid mechanics

e Chemical reactions 40
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e Fconomics

e Biology
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Notations:

e Ordinary differential equations: one independent variable

Partial differential equations: more independent variables

Order: order of the highest derivative

Degree: highest degree of the dependent variable

Linear: first degree



1.14

1 1.14, §1 Asked

Classify:
(¥")* = 3yy +ay =0

2 1.14, §2 Solution

(y")* = 3yy' + 2y =0

e ordinary differential equation for y(z);
e second order;

e nonlinear (second degree)



1.21

1 1.21, §1 Asked

Classify:
d’b
— =3
dp” P
2 1.21, §2 Solution
d’b
— =3
dp” P

e ordinary differential equation for b(p);
e seventh order;

e linear (first degree)



Introduction

First order equations:

dy
a —f(x,y)

Artificial form convenient for problems in the book, not real life:
M(z,y)dz + N(z,y)dy =0

In real life, only f = —M /N would be known.



Separation of Variables

Separable equation:

Solution:



3.39

1 3.39, §1 Asked

Solve:
dz_ =@
dt ¢
2 3.39, §2 Solution
dz_ =@
dt ¢
The unknown is clearly x(t).
Separation of variables:
do _ dt
r t

Injz| =Injt|+C

enlel = e g = [te¢ = =+t

T = Dt

An additional “initial” condition would be needed to find D. For example, x = 1 at t = 1.

Note: the O.D.E. applies at all positions. Initial or boundary conditions apply only to a
specific point.



3.42

1 3.42, §1 Asked

Solve:

dy 2
e (x+ 1)y y at x

2 3.42, §2 Solution

dy _

1 =—(z2*+ 1)y y=1latz=-1
T

Solve the O.D.E. first:
— = —(2*+1)dx

Inly|=—-12®—z+C
C -tz

y=te'e 3

1.3
y=De 3" 77



e

Since the additional condition is y = 1 at x = —1, substitute in y = 1 and x = —1 to get D:

1= De%+1

So, at any x:



Homogeneous Equations

Homogeneous equation:

w/(2)

Solution: define a new unknown

so replace y by zu. The equation for u(x) will be separable.

Note: Do not confuse this use of the word “homogeneous” for first order equations with the
use of the same word for “homogeneous” for linear ODEs!

Note: To check exactness, you can replace x by tx and y by ty and see whether the ts cancel.



3.50

1 3.50, §1 Asked

Solve:
dy 2%+

dx 2zy

2 3.50, §2 Solution

Note that the equation is homogeneous

dy 2+ 2 «— degree 2
dr 2y «— degree 2

or alternatively,
(tz)* + (ty)* _ 2* +y°
2txty - 2ay

y 2
ég_1+<x)

“

Use new unknown u = y/x, i.e., replace y by zu:

dxu du n 1+ u?
—=z— tu=
dx dx 2u

du 1—u?
XrT— =
dx 2u

Separable:

2udu _@

1 —u? T

In|l —u?|=—Inlz|+C



Get rid of u in favor of y/z:




Exact Equations

If for an equation of the form

g1(z,y)dz + go(z,y) dy = 0,

the cross derivatives of the coefficients are equal;

o9 _ 0g:
oy Oz’
then the equation is exact.
The solution of an exact equation is:
glz,y) =C
where g(z,y) is found by solving
29 _ %

B g1(z,y) a—y=gz(fﬂ,y)-

You do that by first solving the easier of the two, giving an integration constant that depends
on the other variable. For example, solving dg/0x = ¢1(x,y) gives an integration constant
depend on y. Next you take that solution and put it into the other equation.

If an equation is not exact, you may sometimes be able to find an “integrating factor” in a

table.



4.32

1 4.32, §1 Asked

Solve: 5 )
Y

2 4.32, §2 Solution
2y

Check for exactness:

21 2
]
Integrate the easiest equation first:
dg 1 y
_— = — :> —_
oy 12 9= 9
Put in the other equation:
99 2y
_— = —— OI =
ot~ B
Y
g = ZTQ +C
Solution of the O.D.E.:
Jio=aq,



In real life, you would have
2



Linear Equations

Linear equation:

dy

P +p(z)y = q(z)

The terms linear in y are the homogeneous part, the terms independent of y are the inhomo-
geneous terms.

Linear equations allow solutions to be added:

Y+ p(@)y = qi(z) }
Yy + p(2)y2 = q2(z)

= (y1 +v2) +p(@) (1 +42) = @1(2) + ()

8

Solve the homogeneous equation first:

Separable:

Now solve the inhomogeneous equation.:

Variation of parameter:
y=Cla)e 7

Put in the O.D.E. and solve for C(z).



5.34

1 5.34, §1 Asked

Solve:
y/ + :L‘2y — 172
2 5.34, §2 Solution
y/ + ny — 172
The equation is linear.
Solution of the homogeneous equation:
d
y+2iy=0 = B T
Y
mlyl=-1*+C = y=Ce 5"
Solution of the inhomogeneous equation:
y=Cla)e s
into
y/ + ny — 172
Cle 3%’ — Ce 3% 2% 4 22Ce 3" = 42
O = 223 — (O =e3® 4 o
Solution:

1273

Y = C’(m)e_%%3 =14 Cpe™3

Note: function y(z) = 1 is called a particular solution. It is one solution that satisfies the
inhomogeneous equation.

The general solution of linear equations is always: (any arbitrary particular solution) plus
(the general solution of the homogeneous equation).



(What is wrong in the graph above)?




Bernoulli Equations

Bernoulli equation:

dy n
H—+M@yzﬁﬂy (n#0,1)
x
Solution:
Take y™ to the other side:
—-n dy 1-n __ O 1
y H;+M@y =q(z) (n#0,1)

Putting u = y'™" gives a linear equation:

1 du
1—ndz

+p(r)u = q(z)



5.38

1 5.38, §1 Asked

Solve:
xy +y = zy’

2 5.38, §2 Solution

xy +y = zy’

It is a Bernoulli equation since it has terms linear in y

zy Py +yi=a

Put u =y %

—%xu'—l—u =z

Solution of the homogeneous equation:
—tr tu=0 = —=2—
u
Solution of the inhomogeneous equation:

u = C(x)r?

into the inhomogeneous equation:

and a power of .

= y=C2?

—%xC’ 2 _ %:1702x +C2? =2z

C=-2 = (=

u = C(z)2* =2z + Coz

Solution:
+1

v= V2zx + Cyx?

2
=+ Co
i
2_ L
-



For Cy =0y = +£1/V2x:

For x = —2/Cy, y is infinite.

For Cy < 0:

For Cy > 0:

Total:




Introduction

Linear Constant Coefficient Equations:

dynamical systems;

vibrating systems;

linearized systems;

part of the solution of multidimensional problems;

General form:

aoy + a1y’ + azy” + asy® + ..+ ay™ = ¢
where ag, ay,...,a, are all constants but ¢ can be any function of x.
Solution of the homogeneous equation:
Homogeneous equation:

aoy + a1y’ + azy” + asy® + ..+ a,y™ =0

Special solutions are y = e** provided that X is a root of the characteristic polynomial:

ap + aid + as 2+ as\3 + ...+ a " =0

If all roots A1, Ao, ..., A, are different, the general solution of the homogeneous equation is

y = C1eM® 4 Coe™® + .+ Cet®



8.18

1 8.18, §1 Asked

Solve:
y// . y/ . Soy —
2 8.18, §2 Solution
y// _ y/ . Soy —
Characteristic polynomial:
AN —=A=30=0

has roots A\ = 6 and Ay = —5

General solution:
y = C1e™ + Cye™™

E-ﬂf E.:"z:r




8.19

1 8.19, §1 Asked

Solve:
y' =2 +y=0

2 8.19, §2 Solution

y' =2y +y=0

Characteristic polynomial:

A —22+1=0

has roots Ay = Ay = 1.
For multiple roots, start adding factors that are increasing powers of x: General solution:

y = Cre” + Coxe®




8.21

1 8.21, §1 Asked

Solve:
y'+2y +2y=0

2 8.21, §2 Solution

y'+2) +2y =0

Characteristic polynomial:
AN 4+20+2=0

=L\/__4:—1ii (i =+—1)

A
2

General solution: A A
y = Crel 17 4 Cpel 10

Cleanup of complex exponentials is required in this class:

y=-e"* (C’lem + CQe’i"‘”)

Euler: '
e'* = cos(a) + isin(a)

y=e *(Ci[cosz + isinz] + Cylcosz — isinz])

y=e " ([Cy + Cy)cosx +i[Cy — Cy]sinx)

Cleaned up solution:
y=e " (D;cosz+ Dysinx)
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Method of Undetermined Coefficients

Inhomogeneous equation:

where ¢ # 0.

aoy + a1y + asy” + asy® + ...+ a,y™ = ¢

First solve the homogeneous equation, then guess a particular solution with a few undeter-

mined coefficients:

For ¢ =: guess y, =:
6)\1 ane)\z
cos T Cicosx + Cysinx
polynomial polynomial

The general solution is any particular solution plus the general solution of the homogeneous

equation.



10.45

1 10.45, §1 Asked

Solve:
y// o 2y/ +y = 36255

2 10.45, §2 Solution

y//_ 2y/+y — 36235

Homogeneous equation:

Characteristic polynomial:
N —224+1=0

has roots Ay = Ay = 1: General solution:

Yp = C’lem + Cgl‘em
Particular solution:
Yy = 24, + yp = 3>

Guessing y, = Ce** produces
Yy — 2y, +yp, =C (462”” — 4e** + 62”> = Ce*”
so C'= 3 and y, = 3e*".

Total solution:

y = 3e* + Che” + Coze”



10.47

1 10.47, §1 Asked

Solve:
y// _2y/+y — 3¢

2 10.47, §2 Solution

y' — 2y +y = 3e”
Homogeneous equation:

yp, = C1e” + Coze®
Particular solution:

Yy — 2y, +yp = 3e”

Particular solutions y, = €* or y, = ze® don’t work. Try
yp = Ce’a® o) = Ce™(2? +2z) o) = Ce®(a” + 4a + 2)

Yy, — 2y, +yp = Ce™2
so C'=1.5.

Total solution:

Yy = 1.52%e" + C1e® 4+ Cyze®

b .
-t




Variation of Parameters

Works always, but is more work.

Inhomogeneous equation:

agy + ary’ + azy” + asy® + ..+ ay™ =g
where g # 0.

First solve the homogeneous equation, then allow its integration constants to vary.



11.10

1 11.10, §1 Asked

Solve:
y' 4+ 1y =secw

2 11.10, §2 Solution

y"' 4y =secx
Homogeneous equation:
N+1=0 = A==
yn = Acosz + Bsinx

Variation of parameters:

y= Acosz + Bsinz A= A(x),B = B(z)

y = —Asinz + Bcosx + A cosz + B'sinx
Put the additional terms to zero:
A'cosz+ B'sinx =0 (1)
y' = —Acosx — Bsinx — A'sinz + B’ cosx
Do not put the additional terms to zero in the highest derivative. Instead, put everything into
the O.D.E.:
y'+1y=—Acosx — Bsinx — A'sinx + B cosz + Acosx + Bsinz = secx

—A'sinx + B’ cosx = secx (2)



The result is a system of linear equations (1), (2) for A’ and B":

cosx sinz | 0 (1)
—sinz cosx | secx (2)

Forward elimination:

cosx sinzx
0 1

0 ) (1)
1 (2') = cosz(2) + sinxz(1)

Back substitution gives B’ =1 and A’ = — tan x:

B=xz+By A=In|cosz|+ Ay

Total solution y = Acosx + Bsinx:

y =1In|cosz|cosx + xsinx + Agcosx + Bysinx



11.25

1 11.25, §1 Asked

Solve:
t

'7'"'—3?“'—1-37"—7":%

2 11.25, §2 Solution

. . et
r=3r+3r—r= 7

Homogeneous equation:

N3 430—1=0 = MN=X=XM=1

Ty = C’let + Ogtet + 03t2€t

Variation of parameters:

r = Cie' + Cote + Cat?e!

Crel + Cyte! + Cst?e! =0 (1)
7= Chre' + Co(t + 1)e’ + Cs(t* + 2t)e
Crel + Co(t + 1)e! + Cs(t> + 2t)et = 0 (2)

7= Cre' + Co(t + 2)e' + Cs(t* + 4t + 2)é!
T = C’let + CQ(t + 2)€t -+ Cg(tz + 4t + 2)6t + ...

Into the O.D.E.:
Crel 4 Cy(t +2)e! + Cy(t> + 4t +2)e! + . .. :% (3)

Total system of equations for unknowns C;,Cs, and Cl:

1 t t? 0 (1) =e"4(1)
( 1 t+1 ?+2t |0 ) (2)) =e4(2)
t t

24+2t B+424+2t |1



Forward elimination:

1 ¢ t? 0 (1)
( 0 1 2t |0 ) (27 = (2') — (1)
0 1 (1

2 412 4 2t (3") = (3') — t(1")
1 ¢t t?]0 (1)

(o 1 2t o) (2")
0 0 2t 1 (3///) — (3//) _ 2t(2”)

Back substitution: Cy = 1/2t, Cy = —1, C} = %t, hence

C) = it2+010 Co=—t+Cy Cy=InVi+Cy

Total solution:
r=t*InVte' + Cipe’ + Copte’ + Cit’e!



Initial Conditions

After solving the O.D.E.; a finite number of unknown integration constants remain. In prac-
tical applications, these integration constants are typically found from initial conditions at
a starting point such as t = 0 or from boundary conditions at the end points a and b of an
interval a < x <b



12.11

1 12.11, §1 Asked

Solve:

Homogeneous solution:
yn = Acosx + Bsinx

Guess the particular solution Cz + D:
Yp =T

General solution:
y=x+ Acosx + Bsinx

Put in the initial conditions
y(1) =14 Acosl+ Bsinl=0 ¢ (1)=1— Asinl+ Bcosl =1
to find A = —cos1 and B = —sin 1:

y=x —coslcosx —sinlsinz =z — cos(z — 1)

X - CmEie T »-*J_:




First Order Systems

Important for numerical work. Library subroutines usually do not solve higher order equations,
but they do solve first order systems.

General First Order System:

<L
|
/\l
v&
=

Written out )
h = fl(xﬂyby% s 7yn>
yé = fQ(x’ylay% s 7yn>

y;l = fn(wayhy% < 7yn)

If the functions are linear constant coefficient ones, we can rewrite this as:
y = Ay + b(z).

In this class, solution using eigenvalues and eigenvectors is required. We assume that A is
diagonalizable.

Homogeneous solution:
Yn = ClﬁleAlx + 0262€A2I —+ ...

where A\, Ao, ... are the eigenvalues of A and v7, 75, ... the eigenvectors.

General solution: Guess and add a particular solution. Varying the parameters Cy, Cs, ...
also works.



22.12

1 22.12, §1 Asked

Solve as a System:
T+2c—8r =4 z(0) =1,2(0) =2

2 22.12, §2 Solution

Solve as a System:
T+22—8r=4 z(0) =1,2(0) =2
Define new dependent variables 1 = x and x5 = .

i’lzl'Q
i’2:8l’1—2$2+4

Matrix form 7 = AZ + b:

Homogeneous equation:
fh = ClgleAlt + 021726)\2t

where A\; and )\, are the eigenvalues of A and ¢, and ¥, the eigenvectors:

—A 1 2 B
’ 3 _2_)\‘—/\ +20—-8=0
S 1 . 1
/\1:2,111:(2) )\2:—4,?12:(_4)
Particular solution fp = AZ, + b: guess that ¥, is constant, then Az, = —b. Solve:

()

Total solution:



Put in the initial conditions:

which gives C5 = %, C) = %.

Final solution:

[SS [0 LI N



Some Other Equations

1 §1 Introduction

Generally speaking, equations become more difficult when the order goes up.

For a first order equation, even if you cannot solve, you can always draw little line segments
with the right slope in the z,y plane and then draw trajectories following those directions.

For some equations there are tricks that allow you to reduce the order.

Nonlinear equations are generally more difficult than linear ones.

2 §2 Handbooks

Look it up in a mathematical handbook. Schaum’s Mathematical Handbook has some.
Abramowitz and Stegun has a large collection of equations solvable by Bessel functions and
other standard functions, and the properties of these function.

Avoid exact equations in Schaum’s Mathematical Handbook.

3 83 Power Series

Expand the solution in a power series, equating all powers in the O.D.E. to zero.

4 §4 Euler

aoy + arxy’ + asz®y” + azz*y® + ..+ a,x"y™ = ¢

where ag, ay,...,a, are all constants but ¢ can be any function of x.

The substitution £ = Inz turns this into a constant coefficient equation for y(¢). Reason:



y_ Lo lded 1
v =mp% mdmdfyg_ 2% T v

5 §5 Noy

If the derivatives of y, but not y itself appear, simply take 3 instead of y as the unknown. A
second order equation for y becomes first order for /.

6 86 Noz

If derivatives with respect to x appear, but not x itself, use y as the new independent variable
and 3/ as the new dependent variable.

/! — dy/yl
dy

Y

"

Y=

The order of the equation for y'(y) is one less than that of the equation for y(x).

7 87 Linear

If the equation is linear and homogeneous, setting y = e/ gives an equation not involving f
itself:
y:ef ylzeff, y//zeff/2+€ff//

If the equation is linear and homogeneous, and you know a solution y(x), setting y =
C(z)y;(x) gives a linear equation for C' not involving C' itself.



