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Abstract

Dielectric elastomer materials are ideal candidates for developing high agility micro-

air-vehicles (MAV) due to their electric field induced deformation. Consequently, the

aero-structural response and control authority of the dielectric elastomer material, VHB

4910, is characterized on an elliptical membrane wing. An experimental membrane-wing

platform was constructed by stretching VHB 4910 over a rigid elliptical wing-frame. The

low Reynolds number (chord Reynolds number< 106) aerodynamics of the elliptical wing

were characterized when different electrostatic fields were applied to the membrane. We

observe an overall increase in lift with maximum gains of 20% at an applied voltage

of 4.5 kV and demonstrate the ability to delay stall. The time-averaged aerodynamic

surface pressure is also investigated by comparing sting balance data and membrane de-

formation measured using visual image correlation (VIC). The experimental results are

compared to a nonlinear finite element membrane model to further understand the effects

of aerodynamic load and electric fields on membrane displacements. Model predictions
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of surface pressure provide insight into how the electrostrictive constitutive relations in-

fluence the fluid-structure interactions of the membrane. This is validated by comparing

lift predictions from the model with time-averaged wind tunnel lift measurements near

stall.

1 Introduction

Smart materials are known for their multi-functional material characteristics which are

ideal candidates for developing small scale, complex systems and structures that can rapidly

adapt to changes in environmental conditions. These materials are promising for developing

next generation micro air vehicles that can change their flight characteristics by integrating

the adaptive materials directly into the structure of the wings. The most well known types

of smart materials include ferroelectric ceramics, Jaffe et al. (1971); Lines and Glass (1977),

magnetostrictive compounds, Bertotti (1998); Kittel (1949), and shape memory alloys, Boyd

and Lagoudas (1996); Huang and Brinson (1998). These materials often require large power

supplies or magnetic coils to convert electric or magnetic fields or heat into mechanical work.

In contrast, active polymers have begun to emerge as viable artificial muscles, Bar-Cohen

and Zhang (2008). These materials include dielectric elastomers (Kofod and Sommer-Larsen,

2005), shape memory polymers (Liu et al., 2006), ionic polymers and a relatively broad class

of nanocomposites (Baur and Silverman, 2007), and liquid crystal polymer networks (Warner

and Terentjev, 2007).

In this analysis, the dielectric elastomer VHB is chosen as the adaptive wing material due

to its large shape change from an applied electric field and its low stiffness that allows it

to more easily conform to the external flow. These materials are known to undergo on the

order of 100% field induced deformation which makes them promising materials for developing

adaptive small scale aircraft wings (Kofod and Sommer-Larsen, 2005). Deformation is induced

by unlike charges that accumulate on opposing sides of the film via a soft electrode material.

These unlike charges attract each other forcing the film into compression in the thickness
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direction. This subsequently leads to in-plane expansion. In the case of an aerodynamic load

on a stretched dielectric elastomer membrane wing, the transverse pressure load results in

changes in wing camber as the applied electric field changes. The fields used in the experiments

are typically on the order of 10-100 MV/m.

Whereas significant fundamental theoretical and experimental mechanics research has fo-

cused on the electromechanics of dielectric elastomers, Bustamante et al. (2009); Fox and

Goulbourne (2009); McMeeking and Landis (2005); Plante and Dubowsky (2006); Wissler

and Mazza (2005); Zhao et al. (2007), no research to the authors’ knowledge has focused

on quantifying the aerodynamic effect of these materials on lift surfaces in the low Reynolds

number regimes of MAV flight (chord Reynolds number < 106). In comparison, recent ana-

lytical, computational, and experimental studies of passive membranes have been studied; see

Gordnier (2009); Molki and Breuer (2010); Rojratsirikul et al. (2010); Song et al. (2008) for

examples. Soft dielectric elastomer materials are typically stretched over a rigid outer ring

structure to increase deformation and reduce reliability from premature dielectric breakdown.

Such structures are ideal for stretching over a rigid MAV wing structure to study electric

field controlled shape changes in response to low Reynolds number aerodynamic loads. These

concepts are explored here experimentally in low Reynolds number wind tunnel tests and

compared to a model of a finite deforming, hyperelastic membrane to understand deformation

induced by aerodynamic loads versus relaxation from electrostatic stresses.

It is shown that the dielectric elastomer, VHB 4910, is capable of substantial aerodynamic

influence, including increasing lift and mitigating stall. Our experimental platform is com-

posed of a dielectric elastomer film that is pre-stretched approximately 300% and adhered to a

rigid elliptical wing-frame. A uniform field is applied through the thickness of the membrane

using a compact, high voltage amplifier and carbon grease as the electrode material. The

aerodynamic behavior is quantified at different angles of attack for chord Reynolds numbers,

Rec, of 38k and 63k using a six degree of freedom sting balance and stereographic imaging us-

ing two high speed cameras (1000 fps). The results illustrate a 20% increase in lift at Rec=63k

when the voltage is increased to 4.5 kV relative to the 0 kV case. Comparable behavior is
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measured at Rec=38k. The high speed camera images also illustrate changes in shape of the

membrane under different electric fields and aerodynamic loads.

To better understand the aerodynamic behavior, we compare the wind tunnel data to a

finite deformation, electro-mechical finite element membrane model. The modeling framework

couples the VIC displacement data directly such that pressure can be calculated as a function

of membrane displacements, pre-stretch, hyperelastic constitutive relations, and electrostatic

stresses. Once the pressure is calculated over the surface of the membrane, the lift force

can be calculated and compared with sting balance data. This approach provides useful

information in correlating electro-mechanical constitutive relations with aerodynamic loads.

In this initial analysis, we compare time-averaged deformation of the membrane with average

lift data measured from the sting balance. It is shown in Section 4 that reasonable predictions

of lift are calculated at small to moderate membrane displacements by fitting a hyperelastic

constitutive model to uniaxial data and dielectric constants from the literature without any

additional fitting parameters associated with the flow environment.

The experimental set-up and results of the analysis are summarized as follows. First, a

description of the experimental wind tunnel set-up and elliptical wing structure are given.

The experimental results are then presented and compared to a finite deformation membrane

model to estimate the pressure on the wing surface as a function of the hyperelastic behavior

and different electrostatic fields. Concluding remarks are given in the final section.

2 Experimental Setup

The electroactive MAV wing structure is first described followed by the experimental set-

up in the low Reynolds number wind tunnel. The data collected during the experiments

included mounting the wing on a six degree of freedom sting balance and a visual image

correlation system that allowed for measurement of in situ, time-dependent three dimensional

deformation of the electroactive wing.
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Figure 1: (a) Electroactive elliptical wing concept. (b) Image of the 20× 10 cm2 electroactive

elliptical wing (maximum width and height). A white speckle pattern is applied to quantify

time dependent deformation under different electric fields and aerodynamic loads.

2.1 Active Wing Structure

A rigid elliptical wing-frame (major and minor axes of 20 cm and 10 cm, respectively)

served as an external structure to hold the electroactive membrane. VHB 4910 was used as

the membrane material which was bi-axially pre-stretched to approximately 300% strain and

attached to the elliptical structure. A thin layer of carbon grease was applied to the top and

bottom of the membrane for applying an electric field through the thickness of the wing. As

the field is applied, compressive electrostatic stresses are created from unlike charges on the

top and bottom of the membrane which results in in-plane expansion. The electric field was

applied using an EMCO C60 compact high voltage linear amplifier that converts 0-5 V into 0-

6 kV with a maximum current of 0.166 mA. The wing concept and experimental configuration

are illustrated in Figure 1. The speckled pattern shown in Figure 1(b) is used to quantify

time-dependent deformation of the membrane during wind tunnel testing. Details describing

these measurements are given in the following section.
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2.2 Wind Tunnel and Camera Set-Up

Wind tunnel tests were performed in an open circuit, low turbulence, low-Reynolds number

wind tunnel located the University of Florida Research and Engineering Education Facility

(UF-REEF), Albertani et al. (2009). Wing angle of attack was controlled with a pitch-plunge

rig where the main components are a pair of Trilogy ironless magnetic linear motors (Parker

Automation) with Aries Servo Drivers (Parker Automation, AR20AE) and controlled by a

DMC-2020 model motion controller (Galil Motion Control). For further description of the

pitch-plunge rig see, Albertani and Babcock (2008). Wing inclination was measured with a

VTI Technologies SCA121T-D03 inclinometer. Aerodynamic force and moment measurements

were made with an Allied Aerospace MC-.10-.375 6 channel sting balance with a resolution

of 0.1 N. Sting balance measurements were received through a 24-bit strain measurement

card (National Instruments, SCXI 1520) and fed to an analog to digital converter (National

Instruments, SCXI 1600). Dynamic pressure measurements were made with a pitot tube and

Heise ST-2H pressure transducer. Atmospheric pressure was measured with a Druck DPI 142

precision barometric indicator.

The time dependent, three dimensional membrane shape and deformation due to electrical

and aerodynamic loads were characterized with VIC. This measurment technique involves

tracking the deformation of a random speckle pattern applied to the structure (membrane,

see Figure 1b) under loading. Here, white paint was speckled onto the black carbon grease that

covered the top surface of the membrane. Two high speed digital cameras recorded the speckle

pattern displacement through a sequence of snapshots. Surface displacement and strain data

were obtained using the commercial software, VIC3D, by maximizing the normalized cross-

correlation between subsequent images.
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3 Experimental Results

3.1 Aerodynamic Force Characterization

The three degree-of-freedom aerodynamic data of the electroactive compliant wing is quan-

tified and compared to a rigid elliptical wing. The rigid wing was constructed by adhering

0.02” thickness aluminum to the elliptical perimeter. For each voltage appled to the mem-

brane wing, static wind tunnel tests were performed at flow speeds of 6 m/s and 10 m/s for

angles of attack (AOA) ranging from 0 to 26◦. Figure 2 contains the results for 6 m/s (chord

Reynolds number 38k).

Each data point in Figure 2 is the mean of 20 data sets, where each set is composed of

500 measurements recorded at 500 Hz. The compliant electroactive wing created more lift

than the rigid wing, although exceptions were observed for 0 V near 10◦ and AOA beyond

17◦. The effect of the 3.6 kV and 4.5 kV electric potential was an upward shift of the lift

curve, characteristic of an increase in camber due to the applied field. Positive lift at 0◦ AOA

was measured for the compliant wing, indicating positive camber. For 0, 3.6, and 4.5 kV, the

point of stall was delayed by approximately 2◦ compared to the rigid wing. However, due to

AOA resolution, whether the activated wing delays stall beyond the passive 0 V case is not

clear.

Drag force was also affected by passive membrane deformation and the applied electric

fields (Figure 2b). Below 10◦, drag for the 0, 3.6, and 4.5 kV cases was less than the rigid

wing where a marginal increase in drag with respect to voltage is indicated. Above 10◦, all

compliant cases created more drag than the rigid wing. Given the lift and drag behavior, it

follows that compliant wing efficiency (CL/CD) is largest below 10◦ AOA for the 0 V case.

The pitching moment also increases as the voltage increases as shown in Figure 2(c). In all

pitching moment calculations, the moment is taken about the 1/4 chord position relative to

the leading edge. As expected, the pitching moment for the flat plate about this point is

approximately zero. Aerodynamic efficiency at higher AoA is increased by the application of

an electric field between 10◦ to 17◦. It is also interesting to note that the zero voltage case
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Figure 2: Coefficient of lift (a), drag (b), pitch-moment (c), and lift to drag ratio (d) versus

angle of attack. The different lines represent a rigid elliptical wing (solid line, “-”) and

electroactive elliptical wing at 0 V (dashed line, “- -”), 3.6 kV (dash-dot line,“-.-”), and 4.5 kV

(dotted line, “· · ·”) at a chord Reynolds number of 38.7k.

provided the largest aerodynamic efficiency at a lower AoA near 5◦. This suggests the increase

in camber and/or the reduction in tension from the applied field increases the drag and reduces

the lift of the wing disproportionately to the zero voltage case. It is also important to note

that there is higher measurement uncertainty at this speed as the drag forces approach the

resolution of the sting balance at AOA≤ 10◦.

The aerodynamic force measurements illustrated Figure 2 are similarly observed at a chord
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Reynolds number of 63k as shown in Figure 3. The increase in the Reynolds number from

38k to 63k resulted in an upward shift in the lift curve (Figure 3a). Prior to stall, the passive

compliance of the membrane wing provided the largest contribution to increased lift while

that due to the applied voltage was marginal. Beyond 12.5◦, the 4.5 kV case indicates stall

is prevented 5◦ prior to the passive compliant wing (0 V) and 7◦ prior to the rigid wing. In

comparison to the 0 V case, near 17◦ AOA a 5% and 20% increase in lift occurs for 3.6 kV

and 4.5 kV, respectively.

Drag of the electroactive wing is less than the rigid wing from 0 to 13◦ AOA and up to

roughly 30% greater drag beyond 13◦. Below 17◦, the elecric field activated wing shows less

drag than the passively compliant case. The decreased drag and increased lift of the active

wing leads to a substantially improved aerodynamic efficiency (CL/CD) over the rigid and

passive compliant wings. The greatest was efficiency observed at 3.6 kV. This is in contrast

to the Rec=38k scenario (Figure 2d), where the greatest efficiencies were found at 0 V near

5◦ AOA.

On the basis of the aerodynamic data presented herein, we find that the electroactive

membrane wing has significant authority to augment aerodynamic forces acting on the wing.

We observe a general increase in lift and find evidence of a significant delay of stall at Rec=63k,

with a potential delay of stall also at Rec=38k. It is also interesting to note the difference

in aerodynamic efficiencies as a function of voltage for the two different Reynolds numbers.

The zero voltage tension gave a maximum efficiency at Rec=38k whereas optimal efficiency

at Rec=63k was achieved with a 3.6 kV applied voltage. Clearly, the optimal aerodynamic

efficiency requires different pre-tensions for different Reynolds numbers. In the following

section we explore wing strain and displacement fields at 17◦ AOA, where the largest changes

in lift due to the dielectric elastomer were observed.

3.2 Structural Deformation Characterization

In this section, the membrane wing deformation measurements for different applied volt-

ages and Reynolds numbers (38k and 63k) are given for an AOA of 17◦. As illustrated in
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(a) (b)

(c) (d)

Figure 3: Coefficient of lift (a), drag (b), pitch-moment (c), and lift to drag ratio (d) versus

angle of attack. The different lines represent a rigid elliptical wing (solid line, “-”) and

electroactive elliptical wing at 0 V (dashed line, “- -”), 3.6 kV (dash-dot line,“-.-”), and 4.5 kV

(dotted line, “· · ·”) at a chord Reynolds number of 63k.

Figure 1, the effect of the applied voltage creates an attractive force between the electrodes.

This creates compression of the VHB material in the thickness direction and lateral expansion

in the plane of the membrane. In the wing structure, the electrodes do not completely extend

to the outer region of the elliptical frame since this frame is metallic and may result in electric

arcing. Thus, inhomogeneous strain is observed in this outer elliptical band near the frame.

The changes in strain under an aerodynamic load for the electrostatic voltages, 3.6 kV
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Figure 4: The change of in-plane electrically induced strain ∆ǭxx (top), ∆ǭyy (middle), and

∆ǭxy (bottom) due to 3.6 kV (left) and 4.5 kV (right) for Re = 38k. The colorbars represent

strain on the bottom row apply column-wise and ± 6% for 3.6 kV and ± 10% for 4.5 kV.

and 4.5 kV, are illustrated in Figures 4 and 5. In these figures, the mean change in strain

fields ∆ǭxx, ∆ǭyy, and ∆ǭxy are plotted for both Rec=38k and 63k. The average strain fields

at 0 kV are not included for brevity. These strain fields were approximately an order of

magnitude lower that the strain fields under the applied electric fields. The average strain

field were computed from 500 snapshots taken at 17◦ AOA at 1 kHz for the chord Reynolds

numbers and voltages presented in Section 3.1; however, for Rec=38k and 3.6kV, only 277

snapshots were available. The snapshot rate and duration were chosen to resolve several

periods of oscillations observed in the wing membrane. Throughout this paper, the leading

edge is oriented at the top of the elliptical images.

As noted above, zero voltage aerodynamic loads create relatively small strains relative to

the case when an electric field is present so that Figure 4 effectively illustrates the combined

effect of the electric field and fluid-structure interactions at Rec=38k. We note that non-

uniform changes in strain are apparent on the right side of ∆ǭxx and ∆ǭyy fields which may

be caused by non-uniformities in VHB pre-tension or VHB thickness. Regardless of this
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Figure 5: Mean change in plane strain ∆ǭxx (top), ∆ǭyy (middle), and ∆ǭxy (bottom) due to

3.6 kV (left) and 4.5 kV (right) for Re = 63k. The colors bars representing strain on the

bottom row apply column-wise with ± 6% for 3.6 kV and ± 10% for 4.5 kV.

variation in strain, the effect of the aerodynamic load on strain is significant for Rec=63k

versus Rec=38k as illustrated by comparing Figure 4 to Figure 5.

Significant unsteadiness was observed in the membrane shape response for the Reynolds

numbers considered. The variance of the change in strain fields ∆ǭxx, ∆ǭyy, and ∆ǭxy under

aerodynamic loading was small relative to the strain state as quantified in Table 1. Increasing

the chord Reynolds number increased the standard deviation of the fluctuations in strain state.

However, these fluctuations are small compared to the magnitude of the change in strain from

the applied electric fields.

Under an aerodynamic load, we find that the overall structural effect of the applied voltage

is relaxation, as indicated by an increase in out-of-plane displacement of the wing membrane

as shown in Figure 6. Time resolved movies of out-of-plane displacement show membrane

oscillation around a state of positive camber. Standard deviations of displacement data (Fig-

ure 7), show that the displacement fluctuations increase with Reynolds number and voltage,

although they are small compared to the magnitudes of the respective mean displacements.
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Figure 6: Mean out-of-plane displacement (millimeters) at 17◦ AOA, Rec=38k (left) and

Rec=63k (right) for 0 V (top), 3.6 kV (middle), and 4.5 kV (bottom), color scales for each

Reynolds number are assigned column-wise and indicated by color bars on the bottom row

For all voltages at Rec=38k and the 0 kV at Rec=63k case in Figure 7, the standard deviation

fields are less smooth (grainy appearance) than the 3.6 kV and 4.5 kV cases at Rec=63k. This

result may be due to the accuracy limitations of the VIC measurements.

In summary, the applied electric field to the VHB material provides a means for effective

reduction of the initial pre-tension in the membrane wing. In turn, this allows for active

control of wing camber through coupling between aerodynamic loading and changes in the

effective wing membrane tension as a function of the applied field. In the following section,

we apply a nonlinear membrane finite element model to compare the effect of aerodynamic

load and electrostatic stresses for the Rec=63k case at an AOA of 17◦. This corresponds to

the point near stall that was illustrated in Figure 3(a).
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Figure 7: Standard deviation of out-of-plane displacement (millimeter) at 17◦ AOA, Re=38k

(left) and Re=63k (right) for 0 V (top), 3.6 kV (middle) and 4.5 kV (bottom)

4 Model Comparisons

A nonlinear membrane model is numerically implemented and used for comparisons to the

experiments to further understand the fluid-structure interactions. The governing equations

are first summarized and then implemented in a commercial finite element software package,

Comsol 4.2. The VIC displacement data is coupled to the model such that the finite ele-

ment nodal displacements are constrained to closely match the experimental VIC data. This

approach is used to reduce uncertainty in calculating the surface pressure induced by the

unsteady three-dimensional flow field. Whereas several fluid-structure computational meth-

ods exist to calculate the fully-coupled behavior when the wing is immersed in a fluid (Bin

et al. (2011); Cottet et al. (2008); Dunne and Rannacher (2006); Gordnier (2009); ?), three di-

mensional computational methods become prohibitively expensive. The aerodynamic pressure

may also be calculated from the displacement if the membrane tension is known by calculating

the membrane curvature. This can be achieved if the curvature can be accurately calculated

from displacements. This approach typically requires small displacements, rotations, and con-
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stant tension. Here, we focus on application of the finite deformation membrane model and

coupling with displacement data to determine the aerodynamic pressure under different elec-

trostatic fields. This approach provides information about the tension through the use of an

electrically-coupled hyperelastic constitutive model and is not limited to small displacements

and rotations.

The membrane equations for the finite deformation case are numerically implemented to

calculate tension after a bi-axial pre-stretch of λ0 = 3, applied electric fields and aerodynamic

pressure loads. The governing equations are given in terms of the variation of the internal

energy which include a minimization of mechanical energy combined with a penalty method

that constrains the finite element nodal displacements to the VIC displacement data. Elec-

trostatic energy is treated separately since the field in the reference configuration is uniform

across the majority of the membrane and therefore can be calculated explicitly. This field

is inserted into an electromechanical stress relation. Note that this approximates the edge

conditions as these regions do not contain electrodes as illustrated in Figure 1.

The variation of the mechanical energy is

δWM = H

∫

Ω0

T̃IJδEIJdA0 −

∫

Ω0

epij
∂xi

∂X1

∂xj

∂X2

∆psδupdA0 (1)

where only quasi-static deformation is considered. The initial membrane thickness in the un-

stretched state is denoted by H . The first integral is defined by the product of the second

Piola-Kirchhoff stress (T̃IJ) times the variation of the Green finite deformation strain (δEIJ)

integrated over the area of the membrane (Ω0). The second integral defines coupling to an

unknown pressure difference ∆ps across the top and bottom surfaces of the membrane at every

point on the membrane surface. The additional terms in the second integral constrain the

unknown pressure difference to be normal to the surface using the curl of the deformation

gradient components:
∂xi

∂X1

and
∂xj

∂X2

where xi is the deformed material point, XI is the

reference point, and epij is the permutation symbol. Lastly, the variation in the finite element

displacements are δup where p = 1, 2, and 3. More details on these membrane governing

equations are given by Holzapfel (2000); Schweizerhof and Ramm (1984). This equation must
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be satisfied over the area Ω0 subjected to a set of boundary conditions on the perimeter of the

membrane. Displacement boundary conditions are used in the model and described in further

detail in Section 4.1.

The unknown pressure difference across the membrane thickness is determined using an

equation that penalizes differences between the finite element nodal displacements and the

VIC displacement measurements. For the transverse loading direction we use

∫

Ω0

[
−a0

(
∂∆ps
∂X1

∂δ∆ps
∂X1

+
∂∆ps
∂X2

∂δ∆ps
∂X2

)
+ β

(
u3 − uV IC

3

)
δ∆ps

]
dA0 = 0 (2)

where the test function for the unknown pressure is denoted by δ∆ps. The first term in

parenthesis is a diffusion term that is used to smooth the solution. The parameter a0 is limited

to small values such that artificial diffusion effects on the pressure solution are minimal. This

is validated by comparing the error between the finite element nodal displacements and the

VIC displacements. The second term contains a positive scalar parameter β that is increased

to minimize errors between the transverse displacement data (uV IC
3 ) and the finite element

nodal displacements. The time-averaged in-plane displacements were not constrained to the

VIC data since they were two orders of magnitude smaller than the out-of-plane displacements.

However note that the pressure solution will influence in-plane displacements through coupling

with the deformation gradient in (1). The pressure is unknown on the boundary of the

membrane wing; therefore, we approximate the boundary conditions to have a zero pressure

gradient on an elliptical boundary that is slightly larger than the physical domain of interest

so that it does not influence the internal pressure along the wing dimensions measured using

the VIC system. This is discussed in further detail in Section 4.1.

In general, Gauss’s law must also be solved to determine the charge displacement for a

given electric potential. This can be described in terms of the variation of electrical energy

δWE = H

∫

Ω0

ẼIδD̃IdA0 −H

∫

Ω0

ΦδQdA0 (3)

where the electric field and variation of electric displacement are denoted by ẼI and δD̃I ,

respectively. Both of these variables are given in the reference frame as denoted by (̃·). The
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electric potential and variation of charge density are denoted by Φ and δQ, respectively.

For more details on the electrical governing equations, see Zhao et al. (2007). In the finite

element model, the applied field in the reference configuration is uniform and therefore this

equation is not solved explicitly. Alternatively, the electric field is applied and inserted into

an electrostatic stress constitutive relation as described in the following paragraphs.

The second Piola-Kirchhoff stress in (1) contains stress induced by “mechanically” stretch-

ing the membrane and from applying an electric field. The “mechanical” stresses are deter-

mined from an Ogden incompressible hyperelastic free energy (Holzapfel, 2000) while the

electrostatic stresses are determined from a linear dielectric energy function. These energy

functions and the associated stress relations are given as follows.

Following Zhao et al. (2007), we assume the dielectric energy in the elastomer is linear and

inversely proportional to the dielectric permittivity, κ. This dielectric energy in the reference

configuration is

WE =
FiKFiL

2Jκ
D̃KD̃L (4)

where FiK is the deformation gradient and J = det (FiK). Since the material may undergo

finite deformation, the true electric displacement and electric field in the currently deformed

domain are related to the nominal field and nominal electric displacement in the undeformed

configuration using the rotationally invariant spatial fields

Di = J−1FiKD̃K

Ei = HiKẼK

(5)

where HiK is the inverse deformation gradient with FiKHjK = δij and δij is the Kronecker

delta. In the finite element model, the membrane lies in the (X1, X2) plane and the field is

applied in the X3 direction, i.e., Ẽ = Ẽ3N̂3 where N̂3 is the unit vector normal to the (X1, X2)

plane.

The constitutive relation between the true electric displacement and true electric field can

then be determined from the dielectric energy as
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Di = κEi (6)

which assumes the dielectric permittivity is independent of the deformation gradient.

The coupling between the deformation gradient and the electric quantities in (5) results

in a total stress that includes components from mechanically stretching the polymer and

electrostatic stresses from the applied electric field. The total second Piola-Kirchoff stress is

T̃IJ =
∂WM

∂I1
δIJ + JHkIHlJσ

E
kl (7)

where the mechanical energy (WM) is written as a function of the first strain invariant, I1 =

λiλi where λi is the stretch ratio (Holzapfel, 2000). The last term includes the electrostatic

Cauchy stress that is defined in terms of the electric field as

σE
si = κ

(
EsEi −

1

2
EkEkδsi

)
(8)

where details on this stress are given by McMeeking and Landis (2005); Zhao et al. (2007).

The mechanical energy density is described by an incompressible hyperelastic Ogden func-

tion

WM =
3∑

p=1

µp

αp

(
I
αp

1
− 3αp

)
− p(J − 1) (9)

where µp are shear moduli and αp are unitless constants. The second term constrains the

model to be incompressible using the Jacobian J and an undetermined hydrostatic pressure

p within the elastomer.

These constitutive relations are introduced into the electrostatic membrane equations (1)

and (2) and are solved numerically for a given set of boundary conditions described in Sec-

tion 4.1.
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Figure 8: Finite element geometry and mesh. The finite element boundary is defined as an

elliptical region slightly larger than the VIC elliptical domain, [198/λ0, 99/λ0] in millimeters.

Once the membrane is pre-stretched to λ0 = 3, an electric field is applied to the entire model

followed by constraining the displacement to the VIC data.

4.1 Numerical Implementation

The membrane wing is modeled using an elliptical region that was slightly larger than

the region measured by the VIC system. This region is used to approximate the unknown

pressure near the boundary. Based on (2), we set the pressure gradient to be zero on the

computational boundary and focus on correlation of the internal pressure of the wing area

that was measured by the VIC system.

The finite element reference state is defined as the unstretched state and has a major and

minor axis of 198/λ0 mm and 99/λ0 mm, respectively. The model is given in the reference

domain and is therefore scaled by the pre-stretch, λ0 = 3. Recall that the VIC data was taken

on a elliptical domain that was also smaller than the true wing dimensions. The VIC mea-

surement region was an ellipse with a major and minor axis of 190.8/λ0 mm and 92.4/λ0 mm,

respectively. The finite element model and boundary conditions are illustrated in Figure 8.

Three sets of quasi-static loads were sequentially applied to the model. First, the model

is pre-stretched bi-axially to λ0 = 3 to match the deformed geometry of the wing that was
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measured with the VIC system during wind tunnel tests. Second, voltages ranging from 0,

3.6, and 4.5 kV were applied to the model by calculating the nominal field for the 1 mm thick

membrane. Lastly, the VIC displacements defined in (2) were linearly incremented from zero

to the time-averaged values. This was confirmed experimentally based on the VIC data. To

facilitate numerical implementation, the displacement data is fit to a polynomial using the

Matlab function fit and was then inserted into Comsol; see the Appendix. The polynomial

fits had R2 values of 0.994, 0.996, and 0.997 for the 0, 3.6, and 4.5 kV cases, respectively.

To implement the finite element solution, a set of hyperelastic coefficients and dielectric

permittivity was identified based on stress-stretch experiments and comparisons to dielec-

tric measurements given in the literature. The hyperelastic coefficients were fit to uniaxial

experiments that are described elsewhere (Newton et al., 2012). Figure 9(a) illustrates the

comparison between a uniaxial load experiment on VHB 4910 that was conducted at a stretch

rate of 3.39 × 10−4 s−1 and the hyperelastic model given by (9). We chose a relatively small

stretch rate to minimize the effect of viscoelasticity. The model parameters were fit using the

Nelder-Mead optimization algorithm in Matlab: fminsearch. The material parameters are

tabulated in Table 2. In Figure 9(b), predictions of bi-axial stress in terms of the nominmal

stress and second Piola-Kirchhoff stress are shown. These stresses provide a measure of the

tension experienced by the membrane prior to application of an electric field and aerodynamic

load. The dielectric permittivity used in the model was guided by experiments given in the

literature (Kofod et al., 2003; Wissler and Mazza, 2007). Wissler and Mazza (2007) measured

a relative dielectric permittivity between 3.71 and 3.34 for a pre-stretch of 300% and 400%,

respectively. Larger values have been reported to range between 4.5 to 4.7 as a function of

pre-stretch (Kofod et al., 2003). It will be shown that values on the lower end of this range

were necessary to match wind tunnel lift measurements.

Comparisons between the wind tunnel time-averaged lift data and the finite element model

were first compared by analyzing membrane deformation at zero volts followed by model fits at

the two applied voltages. The displacements for each voltage are illustrated in Figures 10(a-c)

over the entire wing and a direct comparison of each voltage is shown in Figure 10(d) by
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Figure 9: (a) A comparison of the uniaxial load experiments on VHB 4910 given in (Newton

et al., 2012) to a uniaxial model fit of the nominal stress. (b) The corresponding bi-axial

stress-stretch relation in terms of the nominal stress and second Piola-Kirchhoff stress.

plotting the displacement along the centerline of the wing chord. In plots (a-c), the air flow is

from top to bottom and in (d) the air flow is from right to left. The maximum error between

the finite element displacements and the polynomial VIC data fit was 0.32%, 0.063%, and

1.0% for 0 kV, 3.6 kV, and 4.5 kV; respectively. Recall that the displacement solutions are

based on penalizing the error between the VIC transverse displacement data and the finite

element nodal displacements according to (2). This allows the time-averaged aerodynamic

pressure to be determined.

The pressure that is calculated by minimizing the error between the transverse displace-

ment solutions and VIC data is shown in Figure 11 for each voltage tested. Similarly to the

displacement solutions, the pressure over the entire wing is shown in Figure 11(a-c) and a

direct comparison of each voltage is shown in Figure 11(d) by plotting the displacement along

the centerline of the wing chord. The pressure solutions are only given over the VIC mea-

surement domain [190.8/λ0, 92.4/λ0]. Spanwise asymmetry in the spanwise direction is shown

in these figures which is believed to be due to the uncertainty in uniform pre-stretch of the

membrane. The pressure calculated at zero volts is dependent on the hyperelastic coefficients

and independent of the dielectric constant. We compare the lift force data with the model by

integrating the pressure over VIC measurement domain. Recall that this domain is slightly
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smaller than the finite element elliptical domain and true wing geometry. We therefore scale

the pressure based on the ratio of the VIC measurement elliptical domain and the true area

of the experimental wing geometry. For the case of zero volts, the lift predicted by the finite

element model was 0.79 N while the experimental time-averaged lift force was 0.84 N resulting

in an error of 6%.

The additional comparisons between pressure calculations and sting lift data was done for

the non-zero voltage cases by again integrating the finite element pressure solutions over the

wing area. Unlike in the zero voltage case, the dielectric permittivity coefficient influences the

lift indirectly since pressure is proportional to membrane tension. This tension is reduced by

the electric fields, and subsequently the electrostatic stresses. To achieve a close fit to the lift

data, we found that the relative dielectric permittivity must vary between 3.3 and 2.8 as the

field is increased from 3.6 kV to 4.5 kV, respectively. This fit gave an exact match to the time-

averaged lift force of 0.88 N and 1.09 N for the 3.6 kV and 4.5 kV cases, respectively. Recalling

permittivity measurements given in the literature, the relative permittivity has shown to vary

between 3.71 to 3.34 for a pre-stretch of 300% and 400%, as reported by Wissler and Mazza

(2007). But, larger values have also been reported to range between 4.5 to 4.7 (Kofod et al.,

2003). Our predictions fall closer to ones given by Wissler and Mazza (2007); however, they

are lower by 11% to 16%. The uncertainty associated with both the dielectric constant and the

hyperelastic coefficients needs to be further investigated to better understand these differences.

To provide more insight into the change in tension during pre-stretch, application of the

field, and deformation due to aerodynamic loads based on VIC data, we plot the in-plane

second Piola-Kirchhoff stress in the center of the membrane over the set of load steps applied

to the model for each electric field. This stress provides insight into the change in tension as

the field is applied. Figure 12 shows that the stress initially follows the curve describing bi-

axial stretching previously shown in Figure 9(b) prior to application of a field. As the field is

incremented to the electrostatic experimental condition (with zero transverse displacement),

the in-plane tension is reduced. Finally, the last set of load step increments describe the

in-plane stress as the transverse displacements increase due to aerodynamic loads. Minimal
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Figure 10: Finite element results of the membrane displacements (in mm) are illustrated for

each voltage: (a) 0 kV, (b) 3.6 kV, and (c) 4.5 kV. In all these figures, the flow is moving

from the top to bottom. In (d), a comparison of the displacements for each voltage is shown

along the centerline of the wing along the chord direction. Note that the flow is moving from

right to left.

changes in the tension are observed at the center point. It is important to note how the tension

per unit length and the in-plane stresses change over the wing at the final deformation state for

each voltage. Figures 13(a,c,e) illustrate the change in the in-plane Cauchy stress component

(true stress, σ22–chord direction) over the entire wing for the three different voltage cases. For

0 kV and 3.6 kV, the Cauchy stress is approximately constant; however, significant differences

occur at the larger field of 4.5 kV. Similiar variations in magnitude of the Cauchy stress in

the spanwise direction occur. Despite this difference, if the Cauchy stress is multiplied by

the true thickness, the tension per unit length remains approximately constant even for the

largest voltage case; see Figure 13(b,d,f).
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Figure 11: Finite element results of the pressure estimates are illustrated for each voltage: (a)

0 kV, (b) 3.6 kV, and (c) 4.5 kV. In figures (a-c), the flow is moving from top to bottom. In

(d), a comparison of the pressure of each voltage is shown along the centerline of the wing

along the chord direction. Note that the flow is moving from right to left.

4.2 Weber Number Correlations

Lastly, the results are compared to Weber number scaling relations similar to those given

in Song et al. (2008). The Weber number is defined by the ratio of the aerodynamic normal

force normalized by the modulus times the membrane thickness. Experimentally, the Weber

number is defined by Weexp =
1

2
ρU2CLc/(Et) where ρ is the density of air, U is the flow speed,

c is a characteristic length of the membrane, E is the modulus and t is the membrane thickness.

This definition ofWe is compared to analytical calculations based on the average finite element

pressure which is averaged by integrating the pressure along the chordwise direction on the

spanwise center of the wing. The analytic Weber number is Wean = pavgc/(Et) where pavg

is the average pressure. We take the characteristic length of the wing to be 10 mm and the
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Figure 12: Plot of T̃22 versus load steps calculated in the finite element model. The results

illustrate how in-plane stresses are reduced as the field is applied.

modulus is E = 2(1 + ν)µ where the Poisson ration is ν = 0.5 and the effective modulus is

µ =
∑

3

p=1
µp from Table 2. The results illustrate that Weexp and Wean are on the same order

of magnitude for the cases simulated (Rec=63k, 17◦ AoA). The error between the two cases

ranges between 34% and 38%; see Table 3.

5 Concluding Remarks

An electroactive membrane has been experimentally characterized and modeled under

different low Reynolds number flows. The presence of an electric field has shown to dramati-

cally change the deformation of the membrane under aerodynamic loads where the maximum

time-averaged displacement increased from 2 mm to 6 mm as the voltage increased from 0 V

to 4.5 kV. For Rec=63k, the coefficient of lift increased 20% as the voltage was increased

from 0 kV to 4.5 kV and stall was delayed by approximately 5◦. The aerodynamic efficiency

(CL/CD) was found to be greatest at the intermediate 3.6 kV for Rec=63k. For the lower
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Figure 13: A comparison of the Cauchy stress component σ22 in (a,c,e) for 0 kV, 3.6 kV, and

4.5 kV with the corresponding tension per unit length in the x2 direction in (b,d,f) for the

respective voltages.

Reynolds number case, the lift increased as a function of voltage increase, but the aerodynamic

efficiency was highest at 0 kV and monotonically decreases as the voltage increased. The re-

26



sults suggest that the pre-tension at 300% is ideal for the lower Reynolds number flow, but

not for Rec=63k. The results clearly illustrate that wing camber of an electroactive membrane

can be controlled by an electric field.

To further analyze the results, a finite deformation membrane model was developed that

couples the experimental VIC displacement data with the electro-mechanical membrane gov-

erning equations. The model reasonably matched VIC data by penalizing differences between

the finite element nodal displacements and a polynomial fit to the VIC data. This methodol-

ogy provides a numerical tool to quantify aerodynamic forces on the membrane surface as a

function of the hyperelastic constitutive relations and electrostatic stresses based on dielectric

behavior. Reasonable predictions of lift were achieved using a uni-axial hyperelastic model

fit to experiments and isotropic dielectric coefficients given in the literature. Errors on the

order of 6% to 16% were obtained where the uncertainty in model predictions increased as

the voltage increased. Possible sources of this error include neglecting viscoelasticity and

time-varying deformation coupled to turbulent flow around the membrane. Further, the VIC

measurements were limited to a region that did not extend fully to the membrane edge. The

pressure calculated over the VIC measurement region was extrapolated to be proportional

over the entire wing area and neglected complex flow conditions along the wing boundary.

These boundary conditions between the fluid and structure should be investigated further to

improve predictions of aerodynamic loads across adaptive membrane wings.
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Appendix

The VIC data was fit to a polynomial using the Matlab function fit to facilitate com-

parison of the data directly within the finite element model. Fits to displacement were taken

at each electric field case. The fifth order polynomial given below are scaled to the reference

domain whereas the deformed configuration is based on a pre-stretch of λ0 = 3.
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Table 1: Maximum standard deviation (σ[·]) of the strains ∆ǭxx, ∆ǭyy , and ∆ǭxy for voltages

0 V, 3.6 kV and 4.5 kV and flight speeds 6 m/s and 10 m/s

∼max(σ[ǫxx])

Voltage (kV) 6 m/s 10 m/s

0 10−4 10−4

3.6 10−4 10−4

4.5 10−4 10−3

∼max(σ[ǫyy ])

Voltage(kV) 6 m/s 10 m/s

0 10−3 10−3

3.6 10−3 10−3

4.5 10−3 10−3

∼max(σ[ǫxy ])

Voltage(kV) 6 m/s 10 m/s

0 10−4 10−3

3.6 10−4 10−3

4.5 10−4 10−3

Table 2: A summary of the hyperelastic material parameters introduced in the membrane

finite element model. The uniaxial model parameters correspond to the model predictions fit

to uniaxial data described elsewhere Newton et al. (2012). The shear moduli (µi) are given

in kPa and the constants (αi) are unitless.

µ1 µ2 µ3 α1 α2 α3

uniaxial model fit 16.8 7.96 2.63× 10−3 0.30 1.01 2.63
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Table 3: A summary of Weber number calculations comparing the experimental (Weexp =

1

2
ρU2CLc/(Et)) and the analytical (Wean = pavgc/(Et)).

0 kV 3.6 kV 4.5 kV

Weexp 0.72 0.75 0.91

Wean 1.11 1.21 1.48
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Table 4: Polynomial coefficients used in fitting the VIC transverse displacement data for finite

element model comparisons.

Coefficients 0 kV 3.6 kV 4.5 kV

p00 2.18 3.91 5.86

p10 −2.47× 10−3 7.73× 10−3 3.38× 10−2

p01 3.03× 10−2 8.53× 10−2 1.60× 10−1

p20 −1.47× 10−3 −3.08× 10−3 −4.70× 10−3

p11 2.32× 10−3 8.46× 10−4 2.21× 10−3

p02 −1.06× 10−2 −2.04× 10−2 −3.28× 10−2

p30 8.23× 10−6 2.36× 10−6 −1.81× 10−5

p21 −7.83× 10−5 −1.91× 10−4 −2.89× 10−4

p12 −1.70× 10−5 −9.96× 10−5 −3.37× 10−4

p03 −1.14× 10−4 −4.35× 10−4 −8.59× 10−4

p40 −4.30× 10−7 −4.45× 10−7 −7.36× 10−7

p31 −2.87× 10−7 −8.83× 10−7 −2.19× 10−6

p22 2.77× 10−6 7.03× 10−6 1.09× 10−5

p13 −9.51× 10−7 −3.53× 10−6 −1.04× 10−5

p04 3.97× 10−6 1.48× 10−5 3.19× 10−5

p50 −5.19× 10−9 −9.33× 10−9 −1.44× 10−8

p41 6.57× 10−8 1.43× 10−7 1.82× 10−7

p32 1.85× 10−8 4.96× 10−8 1.66× 10−7

p23 1.27× 10−7 5.35× 10−7 8.07× 10−7

p14 1.71× 10−7 3.69× 10−7 9.59× 10−7

p05 2.85× 10−8 6.31× 10−7 1.23× 10−6

34


